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Ìàòåìàòè÷åñêèå ìåòîäû èññëåäîâàíèÿ

âûðîæäåííûõ çàäà÷ îïòèìèçàöèè è óïðàâëåíèÿ
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Ñòàòóñ çàÿâêè: îò÷åò çà âòîðîé ãîä ïðîåêòà.
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ÑÎÑÒÀÂ ÌÍØ

Ðóêîâîäèòåëü

1. Àðóòþíîâ Àðàì Âëàäèìèðîâè÷, ä.ô.-ì.í., ïðîôåññîð. ã.í.ñ. ëàá. 45, 1956 ã.ð.
Èìååò áîëåå 25 ïóáëèêàöèé çà ïîñëåäíèå 3 ãîäà â æóðíàëàõ, èíäåêñèðóåìûõ Scopus èëè
WoS. Ïîä åãî ðóêîâîäñòâîì çà ïîñëåäíèå ïÿòü ëåò çàùèùåíà îäíà êàíäèäàòñêàÿ è îäíà
äîêòîðñêàÿ äèññåðòàöèè.

Èñïîëíèòåëè

2. Æóêîâñêàÿ Çóõðà Òàãèðîâíà, ê.ô.-ì.í., ñ.í.ñ. ëàá. 45, 1988 ã.ð.
Èìååò 5 ïóáëèêàöèé çà ïîñëåäíèå 3 ãîäà â æóðíàëàõ, èíäåêñèðóåìûõ Scopus èëè WoS.

3. Æóêîâñêèé Ñåðãåé Åâãåíüåâè÷, ä.ô.-ì.í., äîöåíò, â.í.ñ. ëàá. 45, 1983 ã.ð.
Èìååò áîëåå 20 ïóáëèêàöèé çà ïîñëåäíèå 3 ãîäà â æóðíàëàõ, èíäåêñèðóåìûõ Scopus èëè
WoS.

4. Êîòþêîâ Àëåêñàíäð Ìèõàéëîâè÷, àñïèðàíò ÈÏÓ ÐÀÍ, ì.í.ñ. ëàá. 45, 1995 ã.ð.
Èìååò 3 ïóáëèêàöèè çà ïîñëåäíèå 3 ãîäà â æóðíàëàõ, èíäåêñèðóåìûõ Scopus èëè WoS.

5. Íèêàíîðîâ Ñòàíèñëàâ Îëåãîâè÷, àñïèðàíò ÈÏÓ ÐÀÍ, ì.í.ñ. ëàá. 45, 1995 ã.ð.
Èìååò 3 ïóáëèêàöèè çà ïîñëåäíèå 3 ãîäà, èç íèõ 2 â Scopus, 1 â ÐÈÍÖ.

6. Öàðüêîâ Êèðèëë Àëåêñàíäðîâè÷, ê.ô.-ì.í., ñ.í.ñ. ëàá. 45, 1992 ã.ð. Èìååò 6 ïóáëèêàöèé
çà ïîñëåäíèå 3 ãîäà â æóðíàëàõ, èíäåêñèðóåìûõ Scopus èëè WoS.
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ÖÅËÈ ÏÐÎÅÊÒÀ

Ïðîåêò áûë íàïðàâëåí íà ðàçðàáîòêó è ïðèëîæåíèå ìåòîäîâ èññëåäîâàíèÿ
âûðîæäåííûõ çàäà÷ îïòèìèçàöèè è óïðàâëåíèÿ. Íà âòîðîé ãîä âûïîëíåíèÿ
ïðîåêòà ñòàâèëèñü ñëåäóþùèå öåëè.

Èññëåäîâàíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñî ñìåøàííûìè
îãðàíè÷åíèÿìè è ïîëó÷åíèå íîâûõ íåîáõîäèìûõ óñëîâèé îïòèìàëüíîñòè.
Èññëåäîâàíèå ñâîéñòâ ìíîæèòåëåé Ëàãðàíæà â çàäà÷å ñ ôàçîâûìè
îãðàíè÷åíèÿìè.

Èññëåäîâàíèå çàäà÷è óïðàâëåíèÿ ëèíåéíîé ïî ñîñòîÿíèþ ñòîõàñòè÷åñêîé
ñèñòåìîé íà íåîãðàíè÷åííîì èíòåðâàëå âðåìåíè. Ïîñòðîåíèå ýôôåêòèâíûõ
÷èñëåííûõ ìåòîäîâ ïîñëåäîâàòåëüíîãî óëó÷øåíèÿ çàäàííîãî íåñòàöèîíàðíîãî
ïðîãðàììíîãî óïðàâëåíèÿ.

Èññëåäîâàíèå çàäà÷ îïòèìèçàöèè ñ âûðîæäåííûìè îãðàíè÷åíèÿìè òèïà
ðàâåíñòâ. Ïîëó÷åíèå óòâåðæäåíèé î ñâîéñòâàõ äîïóñòèìûõ òî÷åê.

Ïîëó÷åíèå äîñòàòî÷íûõ óñëîâèé ñóùåñòâîâàíèÿ ìèíèìóìà ðÿäà ñïåöèàëüíûõ
ôóíêöèîíàëîâ íà ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ.

Ïðèëîæåíèÿ ê èññëåäîâàíèþ íåêîòîðûõ íåëèíåéíûõ ìîäåëåé ðûíêà.
Ïîëó÷åíèå óñëîâèé ñóùåñòâîâàíèÿ ôóíêöèè ðàâíîâåñíûõ öåí.
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ÐÅÇÓËÜÒÀÒÛ ÐÀÁÎÒÛ ÌÍØ
Âñå çàäà÷è, ïîñòàâëåííûå íà âòîðîé ãîä ïðîåêòà, âûïîëíåíû â ïîëíîì îáúåìå.

Äîñòèãíóòûå ïîêàçàòåëè çà âòîðîé ãîä âûïîëíåíèÿ ïðîåêòà:

Ñòàòüè: 7 (èç íèõ 7 â Scopus, 5 â WoS, 5 â ÐÈÍÖ).

Òåçèñû äîêëàäîâ: 6 (èç íèõ 5 â ÐÈÍÖ).

Äîñòèãíóòûå ïîêàçàòåëè çà äâà ãîäà âûïîëíåíèÿ ïðîåêòà:

Ñòàòüè: 14 (èç íèõ 14 â Scopus, 9 â WoS, 9 â ÐÈÍÖ).

Òåçèñû äîêëàäîâ: 9 (èç íèõ 8 â ÐÈÍÖ).

Ó÷àñòèå ÷ëåíîâ ÌÍØ â íàó÷íûõ ìåðîïðèÿòèÿõ

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Ñîâðåìåííûå ìåòîäû òåîðèè ôóíêöèé è ñìåæíûå ïðîáëåìû.
Âîðîíåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà¿. 28 ÿíâàðÿ � 2 ôåâðàëÿ 2021 ã., Âîðîíåæ.

17-àÿ Âñåðîññèéñêàÿ øêîëà-êîíôåðåíöèè ìîëîäûõ ó÷åíûõ ¾Óïðàâëåíèå áîëüøèìè ñèñòåìàìè¿
(ÓÁÑ'2021, Ìîñêâà), 6-9 ñåíòÿáðÿ 2021 ã.

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Óïðàâëåíèå ðàçâèòèåì êðóïíîìàñøòàáíûõ ñèñòåì¿ (MLSD-2021),
27-29 ñåíòÿáðÿ 2021 ã.

îáùåìîñêîâñêèé ñåìèíàð ÈÏÓ ¾Îïòèìèçàöèÿ è íåëèíåéíûé àíàëèç¿ (ðóêîâîäèòåëè ä.ô.-ì.í., ïðîô.
Àðóòþíîâ À.Â., ä.ô.-ì.í., äîö. Æóêîâñêèé Ñ.Å., ê.ô.-ì.í. Ïàâëîâà Í.Ã.).

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Quasilinear Equations, Inverse Problems and Their Applications¿,
Äîëãîïðóäíûé, ÌÔÒÈ, äåêàáðü 2020.

III Ìåæäóíàðîäíûé ñåìèíàð ¾Òåîðèÿ óïðàâëåíèÿ è òåîðèÿ îáîáùåííûõ ðåøåíèé óðàâíåíèé
Ãàìèëüòîíà - ßêîáè¿, Åêàòåðèíáóðã, îêòÿáðü 2020.

XV Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Óñòîé÷èâîñòü è êîëåáàíèÿ íåëèíåéíûõ ñèñòåì óïðàâëåíèÿ¿
(êîíôåðåíöèÿ Ïÿòíèöêîãî), èþíü 2020.

ìåæäóíàðîäíûé ñåìèíàð ¾Variational Analysis and Optimization Seminar¿, Australian Mathematical
Society.
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ÐÅÇÓËÜÒÀÒÛ ÐÀÁÎÒÛ ÌÍØ

Ñòàòüè

1 Arutyunov A.V., Zhukovskiy S.E. Variational Principles and Mean Value Estimates // Journal of
Optimization Theory and Applications, 2022, https://doi.org/10.1007/s10957-021-01966-0 (WoS, Scopus)

2 Àðóòþíîâ À.Â., Æóêîâñêèé Ñ.Å. Óïðàâëÿåìîñòü äëÿ çàäà÷ ñî ñìåøàííûìè îãðàíè÷åíèÿìè //
Äèôôåðåíöèàëüíûå óðàâíåíèÿ, 2022, Ò. 58, � 2, Ñ. 252-259. (WoS, Scopus, ÐÈÍÖ)

3 Pavlova N.G., Nikanorov S.O. Equilibrium in Dynamic Market Models // Advances in Systems Science and
Applications, 2022, V. 22, �2. (Scopus, ÐÈÍÖ)

4 Arutyunov A.V., Zhukovskiy S.E. Stable Solvability of Nonlinear Equations under Completely Continuous
Perturbations // Proc. Steklov Institute of Math., 2021. Vol. 312. P. 1-15. (WoS, Scopus, ÐÈÍÖ)

5 Zhukovskiy E.S., Zhukovskaya Z.T., Zhukovskiy S.E. Kantorovich's Fixed Point Theorem and Coincidence
Point Theorems for Mappings in Vector Metric Spaces // Set-Valued and Variational Analysis, 2021,
https://doi.org/10.1007/s11228-021-00588-y (WoS, Scopus)

6 Khrustalev M.M., Tsarkov K.A. Some Improvement Algorithms for Non-stationary Regulators on an In�nite
Time Interval // Autom. Remote Control. 2021. V. 82. �. 12. P. 2097-2110. (WoS, Scopus, ÐÈÍÖ)

7 Zhukovskiy S. On Solvability of Equations De�ned by Continuous and Smooth Regular Mappings //
Advances in Systems Science and Applications, 2021, 21(3), P. 113-118. (Scopus, ÐÈÍÖ)

8 Arutyunov A.V., Zhukovskiy S.E. On Global Solvability of Nonlinear Equations with Parameters // Doklady
Mathematics. 2021. Vol. 103. No. 1. P. 57-60. (WoS, Scopus, ÐÈÍÖ)

9 Arutyunov A.V., Kotyukov A.M., Pavlova N.G. Equilibrium in Market Models with Known Elasticities //
Advances in Systems Science and Applications. 2021. Vol 24 � 4. P. 130-144. (Scopus, ÐÈÍÖ)

10 A. Kotyukov, N. Pavlova. Equilibrium in Market Models // Proceedings of the 14th International Conference
"Management of Large-Scale System Development"(MLSD). Moscow: IEEE, 2021.
https://ieeexplore.ieee.org/document/9600139. (Scopus)

11 Arutyunov, A.V., Zhukovskiy, S.E. Nonlocal Generalized Implicit Function Theorems in Hilbert Spaces //
Di�erential Equations, 2020, V. 56, P. 1525�1538 (WoS, Scopus, ÐÈÍÖ)

12 Z. T. Zhukovskaya, S. E. Zhukovskiy. Local Solvability of Control Systems with Implicit Dynamics //15th
International Conference on Stability and Oscillations of Nonlinear Control Systems (Pyatnitskiy's
Conference), Moscow, 2020, pp. 1-4, doi: 10.1109/STAB49150.2020.9140537. (Scopus)

13 A.V. Arutyunov, A.F. Izmailov, S.E. Zhukovskiy. Continuous Selections of Solutions for Locally Lipschitzian
Equations // Journal of Optimization Theory and Applications, 2020, V. 185, P. 679�699 (WoS, Scopus).

14 Benarab S., Zhukovskaya Z.T., Zhukovskiy E.S., Zhukovskiy S.E. Functional and Di�erential Inequalities and
Their Applications to Control Problems // Di�. Equat., 2020, V. 56, P. 1440-1451 (WoS, Scopus, ÐÈÍÖ).
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ÐÅÇÓËÜÒÀÒÛ ÐÀÁÎÒÛ ÌÍØ

Òåçèñû äîêëàäîâ

1 Êîòþêîâ À.Ì., Ïàâëîâà Í.Ã., Æóêîâñêèé Ñ.Å. Ïîëîæåíèå ðàâíîâåñèÿ â ìîäåëÿõ ðûíêà / Òðóäû 14-é
Ìåæäóíàðîäíîé êîíôåðåíöèè "Óïðàâëåíèå ðàçâèòèåì êðóïíîìàñøòàáíûõ ñèñòåì"(MLSD-2021). Ì.:
ÈÏÓ ÐÀÍ, 2021. Ñ. 646-653. (ÐÈÍÖ)

2 Àëåêñååâ À.Â., Àðóòþíîâ À.À. Pseudodi�erential operators on open manifolds // Conference handbook
and proceedings of Quasilinear Equations, Inverse Problems and Their Applications (QIPA 2021, Sochi).
Ñî÷è: ÌÔÒÈ, 2021

3 Êîòþêîâ À.Ì., Áðàòóñü À.Ñ., Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîòèâîîïóõîëåâîé òåðàïèè, îñíîâàííîé íà
èíúåêöèÿõ ÄÊ è àíòè-PD-L1 / Ìàòåðèàëû Ìåæäóíàðîäíîé êîíôåðåíöèè Âîðîíåæñêàÿ çèìíÿÿ
ìàòåìàòè÷åñêàÿ øêîëà ¾ÑÎÂÐÅÌÅÍÍÛÅ ÌÅÒÎÄÛ ÒÅÎÐÈÈ ÔÓÍÊÖÈÉ È ÑÌÅÆÍÛÅ
ÏÐÎÁËÅÌÛ¿, 2021. Âîðîíåæ: Èçäàòåëüñêèé äîì ÂÃÓ, 2021. Ñ. 64-66. (ÐÈÍÖ)

4 Êîòþêîâ À.Ì, Ðåàëèçàöèÿ èòåðàöèîííîãî ïðîöåññà ïîèñêà òî÷åê ñîâïàäåíèÿ äâóõ îòîáðàæåíèé.
Ìàòåðèàëû ìåæäóíàðîäíîé êîíôåðåíöèè ¾Ñîâðåìåííûå ìåòîäû òåîðèè ôóíêöèé è ñìåæíûå
ïðîáëåìû. Âîðîíåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà¿. Âîðîíåæ Èçäàòåëüñêèé äîì ÂÃÓ, 2021, Ñ.
172. (ÐÈÍÖ)

5 Íèêàíîðîâ Ñ.Î. Èññëåäîâàíèå äèíàìè÷åñêîé íåïðåðûâíîé ìîäåëè Âàëüðàñà-Ýâàíñà-Ñàìóýëüñîíà.
Ìàòåðèàëû ìåæäóíàðîäíîé êîíôåðåíöèè ¾Ñîâðåìåííûå ìåòîäû òåîðèè ôóíêöèé è ñìåæíûå
ïðîáëåìû. Âîðîíåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà¿. Âîðîíåæ Èçäàòåëüñêèé äîì ÂÃÓ, 2021, Ñ.
228. (ÐÈÍÖ)

6 Àðóòþíîâ À.Â., Æóêîâñêàÿ Ç.Ò. Ãëîáàëüíàÿ òåîðåìà î íåÿâíîé ôóíêöèè / Ìàòåðèàëû 3-ãî
Ìåæäóíàðîäíîãî ñåìèíàðà, ïîñâÿù¼ííîãî 75-ëåòèþ àêàäåìèêà À. È. Ñóááîòèíà ¾Òåîðèÿ óïðàâëåíèÿ
è òåîðèÿ îáîáùåííûõ ðåøåíèé óðàâíåíèé Ãàìèëüòîíà-ßêîáè¿ (CGS'2020). Åêàòåðèíáóðã: ÓÌÖ ÓÏÈ,
2020. Ñ. 99. (ÐÈÍÖ)
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ÇÀßÂÊÀ ÍÀ 2022�2024 ÃÃ.

Íàçâàíèå: Èññëåäîâàíèå àíîðìàëüíûõ çàäà÷ îïòèìèçàöèè ñðåäñòâàìè

âàðèàöèîííîãî àíàëèçà è èõ ïðèëîæåíèÿ.
Öåëè:

Èññëåäîâàòü çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ñ ðàçëè÷íûìè êîíöåâûìè îãðàíè÷åíèÿìè è ñ
ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè; èññëåäîâàòü ñâîéñòâà êîíå÷íîìåðíîãî ìèíèìóìà, âûâåñòè
íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè ïåðâîãî è âòîðîãî ïîðÿäêîâ.

Èññëåäîâàòü çàäà÷ó îïòèìèçàöèè íåëèíåéíîé ïî óïðàâëåíèþ ñòîõàñòè÷åñêîé ñèñòåìû
äèôôóçèîííî-ñêà÷êîîáðàçíîãî òèïà; ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé
îïòèìàëüíîñòè; ðàçðàáîòàòü ÷èñëåííóþ ïðîöåäóðó ïîñëåäîâàòåëüíîãî óëó÷øåíèÿ
çàäàííîé ïðîãðàììû óïðàâëåíèÿ.

Èññëåäîâàòü âûðîæäàþùèåñÿ ñèñòåìû àáñòðàêòíûõ óðàâíåíèé è íåðàâåíñòâ ñ ïàðàìåòðîì, ïîëó÷èòü
äëÿ íèõ äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà èç íåêîòîðîé îêðåñòíîñòè
çàäàííîãî çíà÷åíèÿ.

Èññëåäîâàòü óïðàâëÿåìûå ñèñòåìû ñî ñìåøàííûìè îãðàíè÷åíèÿìè òèïà ðàâåíñòâ è íåðàâåíñòâ;
ïîëó÷èòü äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ äîïóñòèìûõ ïîçèöèîííûõ è ïðîãðàììíûõ óïðàâëåíèé.

Äëÿ äèíàìè÷åñêîé íåïðåðûâíîé ìîäåëè ðûíî÷íîãî ðàâíîâåñèÿ èññëåäîâàòü ñâîéñòâà ýëàñòè÷íîñòåé,
ïîëó÷èòü ÿâíûé âèä ôóíêöèè ýëàñòè÷íîñòè, îòîáðàæåíèé ñïðîñà è ïðåäëîæåíèÿ; ïîëó÷èòü óñëîâèÿ
ñóùåñòâîâàíèÿ ïîëîæåíèé ðàâíîâåñèÿ.

Ïîëó÷èòü óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ äëÿ äèíàìè÷åñêîé ìîäåëåé îòêðûòîãî è
çàêðûòîãî ðûíêà. Èññëåäîâàòü çàäà÷ó ìàêñèìèçàöèè íàëîãîâûõ ñáîðîâ â äèíàìè÷åñêîé ìîäåëè ðûíêà
â ñëó÷àå íååäèíñòâåííîñòè ïîëîæåíèÿ ðàâíîâåñèÿ.

Îáÿçàòåëüñòâà ïî ÷èñëó ïóáëèêàöèé ó÷àñòíèêîâ ÌÍØ, îòðàæàþùèõ ýòè ðåçóëüòàòû, â âûñîêîðåéòèíãîâûõ
íàó÷íûõ æóðíàëàõ (ïëàíèðóåìîå íà ãîä êîëè÷åñòâî):

WoS � 4;

Scopus � 6.

ÈÏÓ ÐÀÍ 7 / 35



ÍÀÓ×ÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÂÒÎÐÎÃÎ ÃÎÄÀ
ÂÛÏÎËÍÅÍÈß ÏÐÎÅÊÒÀ

Èññëåäîâàíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñî ñìåøàííûìè îãðàíè÷åíèÿìè:

ϕ(p)→ min, ẋ = f (x , u), t ∈ [0, 1],

e(p) ≤ 0, r(x , u) ≤ 0, p = (x(0), x(1)).

Ââåäåíî ïîíÿòèå íîðìàëüíîñòè: Äîïóñòèìûé ïðîöåññ (x̄ , ū) íàçîâåì íîðìàëüíûì,
åñëè

Q := AA∗ +

1∫
0

B(t)P(t)B∗(t)dt > 0.

Çäåñü A = e′p0
(p̄) + e′p1

(p̄)Φ(1), p̄ = (x̄(0), x̄(1)); Φ(·) � ðåøåíèå çàäà÷è Êîøè

Φ̇ = f ′x (x̄(t), ū(t))Φ− f ′u (x̄(t), ū(t)), Φ(0) = I ;

B(t) = e′p1
(p̄)Φ(1)Φ(1)−1f ′u (x̄(t), ū(t)); P(t) � ìàòðèöà îðòîãîíàëüíîé ïðîåêöèè íà

ÿäðî îïåðàòîðà R(t) = r ′u(x̄(t), ū(t))∗D(t)r ′u(x̄(t), ū(t)); D(t) � äèàãîíàëüíàÿ

ìàòðèöà, ýëåìåíò êîòîðîé di,j(t) = 1 åñëè i = j è i ÿâëÿåòñÿ àêòèâíûì èíäåêñîì

ñìåøàííîãî îãðàíè÷åíèÿ, è di,j(t) = 0 â ïðîòèâíîì ñëó÷àå.
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Ïîëó÷åíî íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè. Ïîëîæèì

H(x , u, ψ) := 〈ψ, f (x , u)〉, L(p, λ) := λ0ϕ(p) + λ1e(p).

Áóäåì ãîâîðèòü, ÷òî äëÿ äîïóñòèìîãî ïðîöåññà (x̄ , ū) âûïîëíÿåòñÿ ïðèíöèï
ìàêñèìóìà, åñëè ñóùåñòâóþò âåêòîð λ = (λ0, λ1) 6= 0, λ0 ≥ 0, ôóíêöèÿ
ψ ∈ AC∞[0, 1] è íåîòðèöàòåëüíàÿ ôóíêöèÿ ν ∈ L∞[0, 1] òàêèå, ÷òî

ψ̇(t) = −H ′x(x̄(t), ū(t), ψ(t)) + ν(t)r ′x(x̄(t), ū(t)),

ψ(α) = (−1)αL′pα(p̄, λ), α ∈ {0, 1},

max
u∈Θ(t)

H(x̄(t), u, ψ(t)) = H(x̄(t), ū(t), ψ(t)),

H ′u(x̄(t), ū(t), ψ(t))− ν(t)r ′u(x̄(t), ū(t)) = 0,

λ1e(p̄) +

1∫
0

〈ν(t), r(x̄(t), ū(t))〉 dt = 0.

Çäåñü Θ(t) := closUR(t), UR(t) � ìíîæåñòâî âñåõ âåêòîðîâ u òàêèõ, ÷òî
r(x̄(t), u) ≤ 0 è ñòðîêè ìàòðèöû r ′u(x̄(t), u) ïîëîæèòåëüíî ëèíåéíî íåçàâèñèìû.
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Îáîçíà÷èì ÷åðåç Λ ìíîæåñòâî ñîîòâåòñòâóþùèõ âåêòîðîâ λ. Ïîëîæèì

K := {(δx0, δu) ∈ Rn × Lm
2 [0, 1] : e′(p̄)δp ≤ 0,

D(t)(r ′x(x̄(t), ū(t))δx(t) + r ′u(x̄(t), ū(t))δu(t)) ≤ 0}
(çäåñü δx � ñîîòâåòñòâóþùåå δu è δx0 ðåøåíèå óðàâíåíèÿ â âàðèàöèÿõ,
δp = (δx(0), δx(1))),

Ωλ[(δx0, δu)]2 = L′′pp[δp]2 −
1∫

0

H ′′ww (x̄(t), ū(t), ψ(t))[(δx(t), δu(t))]2dt+

+

1∫
0

〈ν(t), r ′′ww (x̄(t), ū(t))[(δx(t), δu(t))]2〉dt

(çäåñü w = (x , u)).

Theorem
Ïóñòü âûïîëíåíî óñëîâèå íîðìàëüíîñòè. Òîãäà åñëè (x̄ , ū) ÿâëÿåòñÿ ðåøåíèåì
ðàññìàòðèâàåìîé çàäà÷è, òî Λ 6= ∅, dim spanΛ = 1 è

Ωλ[(δx0, δu)]2 ≥ 0 ∀ (δx0, δu) ∈ K .
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Èññëåäîâàíû ñâîéñòâà àáñòðàêòíîé çàäà÷è îïòèìèçàöèè ñ âûðîæäàþùèìèñÿ

îãðàíè÷åíèÿìè:

ϕ(x)→ min, f (x) = 0.

Çäåñü ϕ : Rn → R, f : Rn → Rk � çàäàííûå ãëàäêèå îòîáðàæåíèÿ. Ïîëó÷åíû

óñëîâèÿ îòêðûòîñòè ðàñøèðåííîãî îòîáðàæåíèÿ x 7→ (ϕ(x), f (x)) â çàäàííîé
äîïóñòèìîé òî÷êå x̄ ∈ Rn â òåðìèíàõ ñòàðøèõ ïðîèçâîäíûõ;

óñëîâèÿ ñóùåñòâîâàíèÿ äîïóñòèìûõ òî÷åê â îêðåñòíîñòè çàäàííîé
äîïóñòèìîé òî÷êè x̄ ∈ Rn â òåðìèíàõ ñòàðøèõ ïðîèçâîäíûõ;

Äëÿ îãðàíè÷åíèÿ
f (x) = y

ñ ïàðàìåòðîì y ∈ Rk ïîëó÷åíû

óñëîâèÿ ðåãóëÿðíîñòè, ãàðàíòèðóþùèå ñóùåñòâîâàíèå è íåïðåðûâíóþ
çàâèñèìîñòü îò ïàðàìåòðà äîïóñòèìûõ òî÷åê x(y) ïðè ëþáîì y èç çàäàííîãî
ïîäìíîæåñòâà Y ⊂ Rk ;

îöåíêè ðàññòîÿíèÿ îò çàäàííîé äîïóñòèìîé òî÷êè x̄ , ñîîòâåòñòâóþùåé
ïàðàìåòðó ȳ := f (x̄) äî ìíîæåñòâà äîïóñòèìûõ òî÷åê x(y), ñîîòâåòñòâóþùèõ
êàæäîìó çíà÷åíèþ ïàðàìåòðà y .
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Ïîëîæèì
covA = sup{r ≥ 0 : ABRn (0, 1) ⊃ BRk (0, r)},
a(t) := inf{covf ′(x) : |x − x̄ | ≤ t}, t ≥ 0.

Çäåñü BRk (y , r) � çàìêíóòûé øàð â Rk ñ öåíòðîì â òî÷êå y ðàäèóñà r , A : Rn → Rk

� ïðîèçâîëüíûé ëèíåéíûé îïåðàòîð.

Theorem
Ïðåäïîëîæèì, ÷òî a(t) > 0 ïðè íåêîòîðîì t > 0. Òîãäà äëÿ ëþáîãî R ∈ (0,+∞] è
ε > 0, äëÿ êîòîðûõ

R ≤ (1 + ε)

+∞∫
0

a(t) dt,

ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå g : BRk (ȳ ,R)→ Rn òàêîå, ÷òî

f (g(y)) = y ,

|g(y)−x̄|∫
0

a(t) dt ≤ (1 + ε)|y − ȳ | ∀ y ∈ BRk (ȳ ,R).
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Â ðàìêàõ âûïîëíåíèÿ íîâîãî ïðîåêòà ïëàíèðóåòñÿ

èññëåäîâàòü çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ñ ðàçëè÷íûìè êîíöåâûìè
îãðàíè÷åíèÿìè è ñ ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè. Ñòàâèòñÿ öåëü
èññëåäîâàòü ñâîéñòâà êîíå÷íîìåðíîãî ìèíèìóìà â ýòîé çàäà÷å, âûâåñòè
íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè ïåðâîãî è âòîðîãî ïîðÿäêîâ;

èññëåäîâàòü ñèñòåìû àáñòðàêòíûõ óðàâíåíèé è íåðàâåíñòâ ñ ïàðàìåòðîì,
ïîëó÷èòü äëÿ íèõ äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè ïðè âñåõ çíà÷åíèÿõ
ïàðàìåòðà èç íåêîòîðîé îêðåñòíîñòè çàäàííîãî çíà÷åíèÿ. Ñîîòâåòñòâóþùèå
äîñòàòî÷íûå óñëîâèÿ äîëæíû áûòü ñôîðìóëèðîâàíû â òåðìèíàõ
λ-óêîðî÷åíèÿ.
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ÍÀÓ×ÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÂÒÎÐÎÃÎ ÃÎÄÀ
ÂÛÏÎËÍÅÍÈß ÏÐÎÅÊÒÀ (Ê.À. Öàðüêîâ)

Èññëåäîâàíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ:

dx(t) = A(u(t))x(t)dt + G(u(t))x(t)dw(t), t ∈ [0; +∞), x(0) = x0,

J(u) = E

 +∞∫
0

x(t)TQ(u(t))x(t)dt

→ inf
u∈U

,

ãäå x0 � n-ìåðíûé ñëó÷àéíûé âåêòîð ñ èçâåñòíîé êîíå÷íîé ìàòðèöåé
âòîðûõ íà÷àëüíûõ ìîìåíòîâ, îòîáðàæåíèÿ A, G , Q : Rm → Rn×n

íåïðåðûâíî äèôôåðåíöèðóåìû, Q(u) < 0 ∀u ∈ Rm,

U =
⋃
T≥0

UT ,

ãäå UT � ìíîæåñòâî ôóíêöèé u : [0; +∞)→ Rm òàêèõ, ÷òî âûïîëíåíû óñëîâèÿ:

1 u|[0;T ] ∈ Lm
∞([0;T ]), åñëè T > 0;

2 u(t) = uT ∀t ≥ T , ïðè÷åì ìàòðèöà A(uT )⊕A(uT ) +G(uT )⊗G(uT ) ãóðâèöåâà.
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Ïóñòü S îáîçíà÷àåò ìíîæåñòâî òåõ âåêòîðîâ v ∈ Rm, äëÿ êîòîðûõ ìàòðèöà
A(v)⊕A(v) + G(v)⊗G(v) ãóðâèöåâà. Ðàññìîòðèì ïåðâóþ âñïîìîãàòåëüíóþ çàäà÷ó

Jc(u) = E

 +∞∫
0

x(t)TQ(u)x(t)dt

→ inf
u∈S

.

Óòâåðæäåíèå 1. Êîìïîíåíòû ãðàäèåíòà ôóíêöèîíàëà Jc â ïðîèçâîëüíîé òî÷êå
u ∈ S èìåþò âèä

∂Jc(u)

∂uj
= tr

[(
∂Q(u)

∂uj
− 2MT

∂A(u)

∂uj
− 2G(u)TMT

∂G(u)

∂uj

)
NT

]
, j = 1,m,

ãäå ìàòðèöà NT ∈ Rn×n ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ

A(u)NT + NTA(u)T + G(u)NTG(u)T + N0 = 0,

à ìàòðèöà MT ∈ Rn×n � åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ

Q(u)−MTA(u)− A(u)TMT − G(u)TMTG(u) = 0,

ïðè÷åì
Jc(u) = −tr [MTN0] .
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Ïóñòü ÷èñëî T > 0 ôèêñèðîâàíî, α ≥ 0 � ñêàëÿðíûé êîýôôèöèåíò, à I �
åäèíè÷íàÿ ìàòðèöà ðàçìåðîâ n × n. Ðàññìîòðèì âòîðóþ âñïîìîãàòåëüíóþ çàäà÷ó

Jα(u) = E

 T∫
0

x(t)TQ(u(t))x(t)dt + x(T )TαIx(T )

→ inf
u∈Lm∞([0;T ])

.

Óòâåðæäåíèå 2. Êîìïîíåíòû ãðàäèåíòà ôóíêöèîíàëà Jα â ïðîèçâîëüíîé òî÷êå
u ∈ Lm

∞([0;T ]) èìåþò âèä

∂Jα(u)

∂uj(·)
= t → tr

[(
∂Q(u(t))

∂uj
− 2M(t)

∂A(u(t))

∂uj
− 2G(u(t))TM(t)

∂G(u(t))

∂uj

)
N(t)

]
,

j = 1,m, ãäå ìàòðè÷íàÿ ôóíêöèÿ N : [0;T ]→ Rn×n ÿâëÿåòñÿ åäèíñòâåííûì
ðåøåíèåì çàäà÷è Êîøè

Ṅ(t) = A(u(t))N(t) + N(t)A(u(t))T + G(u(t))N(t)G(u(t))T, N(0) = N0,

à ìàòðè÷íàÿ ôóíêöèÿ M : [0;T ]→ Rn×n � åäèíñòâåííûì ðåøåíèåì çàäà÷è Êîøè

Ṁ(t) = −M(t)A(u(t))−A(u(t))TM(t)−G(u(t))TM(t)G(u(t))+Q(u(t)), M(T ) = −αI ,

ïðè÷åì
Jα(u) = −tr [M(0)N0] .
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Ïóñòü ÷èñëî T > 0 ôèêñèðîâàíî. Ðàññìîòðèì òðåòüþ âñïîìîãàòåëüíóþ çàäà÷ó

J∗(u) = E

 +∞∫
0

x(t)TQ(u(t))x(t)dt

→ inf
u∈UT

.

Óòâåðæäåíèå 3. Ãðàäèåíò ôóíêöèîíàëà J∗ â ïðîèçâîëüíîé òî÷êå u ∈ UT èìååò âèä

∇uJ∗(u) =

(
∂J∗(u)
∂u(·)
∂J∗(u)
∂uT

)
∈ Lm
∞([0;T ])× Rm,

∂J∗(u)

∂uj(·)
= t → tr

[(
∂Q(u(t))

∂uj
− 2M(t)

∂A(u(t))

∂uj
− 2G(u(t))TM(t)

∂G(u(t))

∂uj

)
N(t)

]
,

∂J∗(u)

∂uTj

= tr

[(
∂Q(uT )

∂uj
− 2MT

∂A(uT )

∂uj
− 2G(uT )TMT

∂G(uT )

∂uj

)
NT

]
, j = 1,m,

ãäå

Ṅ(t) = A(u(t))N(t) + N(t)A(u(t))T + G(u(t))N(t)G(u(t))T, N(0) = N0,

Ṁ(t) = −M(t)A(u(t))−A(u(t))TM(t)−G(u(t))TM(t)G(u(t))+Q(u(t)), M(T ) = MT ,

A(uT )NT + NTA(uT )T + G(uT )NTG(uT )T + N(T ) = 0,

Q(uT )−MTA(uT )− A(uT )TMT − G(uT )TMTG(uT ) = 0,

ïðè÷åì
J∗(u) = −tr [M(0)N0] .
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Íà îñíîâå óòâåðæäåíèé 1�3 ðàçðàáîòàíî íåñêîëüêî ýôôåêòèâíûõ àëãîðèòìîâ
ïîñëåäîâàòåëüíîãî óëó÷øåíèÿ çàäàííîé íåñòàöèîíàðíîé ïðîãðàììû óïðàâëåíèÿ.

Â ÷àñòíîñòè, äëÿ çàäà÷è ëèíåéíîãî ðåãóëèðîâàíèÿ

ẋ = Ax + Bu, u = Ky , y = Cx , J =

+∞∫
0

[
〈Rx , x〉+ 〈Su, u〉

]
dt → inf

K

ïîñòðîåí íåñòàöèîíàðíûé ðåãóëÿòîð, óëó÷øàþùèé îïòèìàëüíûé ñòàöèîíàðíûé:

Â ðàìêàõ âûïîëíåíèÿ íîâîãî ïðîåêòà ïëàíèðóåòñÿ:

èññëåäîâàòü çàäà÷ó îïòèìèçàöèè íåëèíåéíîé ïî óïðàâëåíèþ
ñòîõàñòè÷åñêîé ñèñòåìû äèôôóçèîííî-ñêà÷êîîáðàçíîãî òèïà;

ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé îïòèìàëüíîñòè;

ðàçðàáîòàòü ÷èñëåííóþ ïðîöåäóðó ïîñëåäîâàòåëüíîãî óëó÷øåíèÿ
çàäàííîé ïðîãðàììû óïðàâëåíèÿ.
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ÍÀÓ×ÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÂÒÎÐÎÃÎ ÃÎÄÀ ÂÛÏÎËÍÅÍÈß

ÏÐÎÅÊÒÀ (Ç.Ò. Æóêîâñêàÿ)

Èññëåäîâàíû ôóíêöèîíàëû ñïåöèàëüíîãî âèäà

J : L∞([0, 1],Rn)→ R, J(x) = ess sup
t∈[0,1]

f (t, x(t)), x ∈ L∞([0, 1],Rn).

Çäåñü f : [0, 1]× Rn → R � çàäàííàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì
Êàðàòåîäîðè:

ôóíêöèÿ f (·, x) èçìåðèìà ïðè âñåõ x ∈ Rn;

ôóíêöèÿ f (t, ·) íåïðåðûâíà ïðè ï.â. t ∈ [0, 1];

äëÿ ëþáîãî r > 0 ñóùåñòâóåò d > 0 òàêîå, ÷òî |f (t, x)| ≤ d ïðè ï.â. t ∈ [0, 1],
äëÿ ëþáîãî x , äëÿ êîòîðîãî |x | ≤ r .

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ìèíèìóìà ôóíêöèîíàëà J.
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Ïðåäïîëîæèì, ÷òî f (t, x) ≥ 0 äëÿ ï.â. t ∈ [0, 1], äëÿ ëþáîãî x ∈ Rn.

Theorem
Ïóñòü k > 0 çàäàíî. Åñëè ïðè ï.â. t ∈ [0, 1] âûïîëíÿåòñÿ óñëîâèå Êàðèñòè

∀ x ∈ Rn : f (t, x) > 0 ∃ y 6= x : f (t, y) + k|x − y | ≤ f (t, x),

òî äëÿ ëþáîé ôóíêöèè x0 ∈ L∞([0, 1],Rn) ñóùåñòâóåò ôóíêöèÿ x̄ ∈ L∞([0, 1],Rn),
äëÿ êîòîðîé

J(x̄) = 0, |x̄(t)− x0(t)| ≤ f (t, x0(t))

k
∀̇ t ∈ [0, 1].

Â êà÷åñòâå ïðèëîæåíèÿ èññëåäîâàíà çàäà÷à Êîøè äëÿ íåÿâíîãî ÎÄÓ:

f (t, x , ẋ) = 0, x(0) = a. (1)

Çäåñü a ∈ Rn � çàäàííûé âåêòîð, f : [0, 1]× Rn × Rn → Rk � çàäàííîå
îòîáðàæåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì Êàðàòåîäîðè:

îòîáðàæåíèå f (·, x , u) èçìåðèìî ïðè âñåõ (x , u) ∈ Rn × Rn → Rk ;

îòîáðàæåíèå f (t, ·, ·) íåïðåðûâíî ïðè ï.â. t ∈ [0, 1];

äëÿ ëþáîãî r > 0 ñóùåñòâóåò d > 0 òàêîå, ÷òî |f (t, x , u)| ≤ d ïðè ï.â.
t ∈ [0, 1], äëÿ ëþáûõ x è u, äëÿ êîòîðûõ |x | ≤ r , |u| ≤ r .
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Theorem
Ïóñòü k > 0 çàäàíî. Ïðåäïîëîæèì, ÷òî

îòîáðàæåíèå f (t, ·, v) ëèïøèöåâî ïðè ï.â. t ∈ [0, 1], äëÿ ëþáîãî v ∈ Rn ñ
êîíñòàíòîé Ëèïøèöà, íå çàâèñÿùåé îò (t, v);

ïðè ï.â. t ∈ [0, 1], äëÿ ëþáîãî x ∈ Rn îòîáðàæåíèå f (t, x , ·) óäîâëåòâîðÿåò
óñëîâèþ Êàðèñòè:

∀ v ∈ Rn : f (t, x , v) 6= 0 ∃ u 6= v : |f (t, x , u)|+ k|u − v | ≤ |f (t, x , v)|.

Òîãäà çàäà÷à Êîøè (1) èìååò ðåøåíèå.

Èññëåäîâàíû ñâîéñòâà ñóïåðïîçèöèîííîãî îïåðàòîðà. Ïóñòü Σ � êîìïàêòíîå
òîïîëîãè÷åñêîå ïðîñòðàíñòâî, f : Σ× Rn → Rk � íåïðåðûâíîå îòîáðàæåíèå,
ãëàäêîå ïî x . Çàäàäèì ñóïåðïîçèöèîííûé îïåðàòîð

N : C(Σ,Rn)→ C(Σ,Rk)

ïî ôîðìóëå
N(x)(σ) = f (σ, x(σ)), x ∈ C(Σ,Rn).

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ

N(x) = y .
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Ïîëîæèì
covA = sup{r ≥ 0 : ABRn (0, 1) ⊃ BRk (0, r)},

Çäåñü BRk (y , r) � çàìêíóòûé øàð â Rk ñ öåíòðîì â òî÷êå y ∈ Rk ðàäèóñà r > 0,
A : Rn → Rk � ïðîèçâîëüíûé ëèíåéíûé îïåðàòîð.

Ïóñòü x̄ ∈ Rn, r > 0 è α > 0 çàäàíû. Ïîëîæèì

ȳ(σ) := f (x̄ , σ), σ ∈ Σ.

Theorem
Ïðåäïîëîæèì, ÷òî

covf ′x (σ, x) > α ∀ (σ, x) ∈ Σ× BRn (x̄ , r).

Òîãäà äëÿ ëþáîé ôóíêöèè y ∈ C(Σ,Rk), äëÿ êîòîðîé ‖y − ȳ‖C ≤ αr ñóùåñòâóåò
ôóíêöèÿ x ∈ C(Σ,Rn), äëÿ êîòîðîé

N(x) = y , |x(σ)− x̄ | ≤ |f (σ, x̄)|
α

∀σ ∈ Σ.
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Ïóáëèêàöèè ïî ðåçóëüòàòàì ïðîåêòà:

Zhukovskiy E.S., Zhukovskaya Z.T., Zhukovskiy S.E. Kantorovich's Fixed Point
Theorem and Coincidence Point Theorems for Mappings in Vector Metric Spaces
// Set-Valued and Variational Analysis, 2021,
https://doi.org/10.1007/s11228-021-00588-y (WoS, Scopus).

Ç.Ò. Æóêîâñêàÿ, Î ñâîéñòâàõ ðåøåíèé íåÿâíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé è óïðàâëÿåìûõ ñèñòåì, Âåñòíèê ðîññèéñêèõ óíèâåðñèòåòîâ.
Ìàòåìàòèêà, 2022 [ïðèíÿòà ê ïå÷àòè]. (ÐÈÍÖ)

S. Benarab , Z.T. Zhukovskaya, E.S. Zhukovskiy, S.E. Zhukovskiy, Functional and
Di�erential Inequalities and Their Applications to Control Problems // Di�.
Equat., 2020, V. 56, P. 1440�1451. (WoS, Scopus, ÐÈÍÖ)

Â ðàìêàõ âûïîëíåíèÿ íîâîãî ïðîåêòà ïëàíèðóåòñÿ èññëåäîâàòü óïðàâëÿåìûå
ñèñòåìû ñî ñìåøàííûìè îãðàíè÷åíèÿìè òèïà ðàâåíñòâ è íåðàâåíñòâ

ẋ = F (t, x , u), x(0) = x0, G1(t, x , u) = 0, G2(t, x , u) ≤ 0.

Äëÿ ýòèõ ñèñòåì ïëàíèðóåòñÿ

ïîëó÷èòü äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ äîïóñòèìûõ ïîçèöèîííûõ
óïðàâëåíèé u(t, x) â êëàññå íåïðåðûâíûõ óïðàâëåíèé;

ïîëó÷èòü äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ äîïóñòèìûõ ïðîãðàììíûõ
óïðàâëåíèé u(t) â êëàññå èçìåðèìûõ óïðàâëåíèé.

Ïëàíèðóåòñÿ ïðîäîëæèòü èññëåäîâàíèå óðàâíåíèé, ïîðîæäåííûõ
ñóïåðïîçèöèîííûì îïåðàòîðîì. Ïëàíèðóåòñÿ ïîëó÷èòü óñëîâèå óñòîé÷èâîñòè
ðåøåíèé ýòèõ óðàâíåíèé.
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ÍÀÓ×ÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÂÒÎÐÎÃÎ ÃÎÄÀ
(Ñ.Î. Íèêàíîðîâ)

Èññëåäîâàíà äèíàìè÷åñêàÿ íåïðåðûâíàÿ ìîäåëü ðûíî÷íîãî ðàâíîâåñèÿ.

Èìååòñÿ n ∈ N òîâàðîâ, i-ûé òîâàð â ìîìåíò âðåìåíè t ∈ [t1; t2] äëÿ ïîòðåáèòåëÿ
èìååò öåíó pi (t) > 0, i = 1, n, p(t1) = p̄, ṗ(t) = (ṗ1(t), ṗ2(t), . . . , ṗn(t)) ∈ P äëÿ
ï.â. t, ãäå P ⊆ Rn � çàäàííîå çàìêíóòîå ìíîæåñòâî.
Ôóíêöèÿ ρX : X × X → R+, ρX (x ; y) = 0⇔ x = y , ρX (x ; y) ≤ q0ρX (y ; x) ∀x , y ∈ X ,
ρX (x ; z) ≤ q1ρX (x ; y) + q2ρX (y ; z) ∀x , y , z ∈ X , X � ïðîñòðàíñòâî öåí,
X = [c11; c21]× [c12; c22]× ...× [c1n; c2n], c1i , c2i � îãðàíè÷åíèÿ íà öåíû òîâàðîâ.

Ñïðîñ ñîâîêóïíîãî ïîòðåáèòåëÿ îïèñûâàåòñÿ îòîáðàæåíèåì

D : P × Rn × [t1; t2]→ Rn, D = (D1(ṗ(t), p(t), t), ...,Dn(ṗ(t), p(t), t)),

Ïðåäëîæåíèå ñîâîêóïíîãî ïðîèçâîäèòåëÿ îïèñûâàåòñÿ îòîáðàæåíèåì

S : P × Rn × [t1; t2]→ Rn, S = (S1(ṗ(t), p(t), t), ..., Sn(ṗ(t), p(t), t)),

Ðàññìîòðèì äèíàìè÷åñêóþ ìîäåëü ¾ñïðîñ-ïðåäëîæåíèå¿ ñ íåïðåðûâíûì âðåìåíåì

σ = (D(ṗ(t), p(t), t), S(ṗ(t), p(t), t), t1, t2, p̄,P, q0, q1, q2). (2)

Ïóñòü δ ∈ (0; 1). Ïîëîæåíèåì ðàâíîâåñèÿ â ìîäåëè (2) íàçûâàåòñÿ àáñîëþòíî
íåïðåðûâíàÿ ôóíêöèÿ p : [0; δ]→ Rn

+ òàêàÿ, ÷òî

D(ṗ(t), p(t), t) = S(ṗ(t), p(t), t), ṗ(t) ∈ P ∀̇t ∈ [t1; t2]; p(t1) = p̄. (3)
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Theorem

Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ÷èñëà R1 > 0, R2 > 0, ν > 0, δ ∈ (0, t2 − t1] è
ôóíêöèÿ u0 ∈ L∞([t1, t2],P), òàêèå, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) Ñóùåñòâóåò ÷èñëî α > 0, òàêîå, ÷òî äëÿ ï.â. t ∈ [t1, t1 + δ] è âñåõ p ∈ BRn (p̄, ν)
îòîáðàæåíèå S(·, p, t) : P → Rn

+ ÿâëÿåòñÿ óñëîâíî α - íàêðûâàþùèì îòíîñèòåëüíî
øàðîâ

U(t) = BP(u0(t),R1), V (p, t) = BRn
+

(S(u0(t), p, t), αR2).

2) Ñóùåñòâóåò ÷èñëî β > 0 (β < α), òàêîå, ÷òî

max
i=1,n
|Di (u, p, t)− Di (ũ, p, t)| ≤ βmax

i=1,n
|ui − ũi |

äëÿ âñåõ p ∈ BRn
+

(p̄, ν), äëÿ âñåõ u, ũ ∈ P è äëÿ ï.â. t ∈ [t1, t1 + δ].
3) Äëÿ ï.â. t ∈ [t1, t1 + δ] è âñåõ p ∈ BRn

+
(p̄, ν)

0 ∈ S(U(t), p, t)− D(U(t), p, t).

4) Ñóùåñòâóþò ÷èñëà LS ≥ 0 è LD ≥ 0, òàêèå, ÷òî äëÿ âñåõ p, p̃ ∈ BRn
+

(p̄, ν), äëÿ
âñåõ u ∈ U(t) è äëÿ ïî÷òè âñåõ t ∈ [t1, t1 + δ] âûïîëíÿþòñÿ íåðàâåíñòâà

max
i=1,n
|Si (u, p, t)− Si (u, p̃, t)| ≤ LS max

i=1,n
|pi − p̃i |,

max
i=1,n
|Di (u, p, t)− Di (u, p̃, t)| ≤ LD max

i=1,n
|pi − p̃i |.
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Theorem

5) Âûïîëíÿåòñÿ íåðàâåíñòâî r0 < Rmin, ãäå

r0 := (α− β)−1 vrai sup
t∈[t1,t1+δ]

max
i=1,n

|Si (u0(t), p̄, t)− Di (u0(t), p̄, t)|.

Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δε ∈ (0, δ] è âåêòîð-ôóíêöèÿ

ðàâíîâåñíûõ öåí

pδε ∈ AC∞([t1, t1 + δε], p̄,P)

â ìîäåëè (2), òàêèå, ÷òî ρL∞([t1,t1+δε],P)

(
ṗδε , uδε0

)
< r0 + ε, ãäå uδε0 �

ñóæåíèå ôóíêöèè u0 íà [t1, t1 + δε].
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Èññëåäîâàí âîïðîñ íàõîæäåíèÿ ýëàñòè÷íîñòè ñïðîñà è

ïðåäëîæåíèÿ ïî öåíàì â ìîäåëè "ñïðîñ-ïðåäëîæåíèå" â

ìîäåëè ðûíêà.

Ýëàñòè÷íîñòü ïîêàçûâàåò, êàê ðåàãèðóåò îäèí ïàðàìåòð íà èçìåíåíèå

äðóãîãî. Â ìîäåëè "ñïðîñ-ïðåäëîæåíèå" ýëàñòè÷íîñòü ñïðîñà

Ep
D = p

D(p) ×
dD(p)

p (Ep
D = ∆Q

∆p ×
p0
q0
) ïîçâîëÿåò ñóäèòü îá èçìåíåíèè

âåëè÷èíû ñïðîñà ïðè èçìåíåíèè öåíû. Àíàëîãè÷íî îïðåäåëÿåòñÿ

ýëàñòè÷íîñòü ïðåäëîæåíèÿ. Îíà ïîêàçûâàåò ñòåïåíü èçìåíåíèÿ

îáúåìîâ ïðåäëîæåíèÿ. Ïðè çíà÷èòåëüíûõ âåëè÷èíàõ ñïðîñà è

ïðåäëîæåíèÿ èñïîëüçóåòñÿ äóãîâàÿ ýëàñòè÷íîñòü Ep
D = ∆Q

∆p ×
p1+p2
Q1+Q2

.

Çàäà÷à ñîñòîèò â íàõîæäåíèè ýëàñòè÷íîñòåé ñïðîñà è ïðåäëîæåíèÿ ïî

öåíàì, èñïîëüçóÿ ìîäåëü ðûíêà. Íàõîæäåíèÿ ôóíêöèé ýëàñòè÷íîñòè

ñïðîñà è ïðåäëîæåíèÿ Ep
D : Rn

+ → Rn è Ep
S : Rn

+ → Rn. È äàëüíåéøåì

âîññòàíîâëåíèè ôóíêöèé ñïðîñà è ïðåäëîæåíèÿ, ñ èñïîëüçîâàíèåì

íàéäåííûõ îòîáðàæåíèé ýëàñòè÷íîñòè.
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Ïóáëèêàöèè ïî ïðîåêòó:

Pavlova N.G., Kotyukov A.M., Nikanorov S.O. Local Normal Forms of
Autonomous Quasi-Linear Constrained Di�erential Systems // Advances in
Systems Science and Applications. 2020. Ò.20 �1. Ñ. 119-127. (Scopus, ÐÈÍÖ)

Íèêàíîðîâ Ñ.Î. Èññëåäîâàíèå ìàòåìàòè÷åñêèõ ìîäåëåé ýêîíîìè÷åñêèõ
ïðîöåññîâ ìåòîäàìè òåîðèè íàêðûâàþùèõ îòîáðàæåíèé/ Ìàòåðèàëû
Ìåæäóíàðîäíîé êîíôåðåíöèè Âîðîíåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà
¾Ñîâðåìåííûå ìåòîäû òåîðèè ôóíêöèé è ñìåæíûå ïðîáëåìû¿, 2021.
Âîðîíåæ: Èçäàòåëüñêèé äîì ÂÃÓ, 2021. Ñ. 171.

Nikanorov S.O. Equilibrium in dynamic market models// Advances in Systems
Science and Applications. 2022 V. 22, N 2. (Scopus, ÐÈÍÖ)

Â ðàìêàõ âûïîëíåíèÿ íîâîãî ïðîåêòà ïëàíèðóåòñÿ:

ïðèìåíèòü ïîëó÷åííîå óòâåðæäåíèå ïðè èññëåäîâàíèè ìîäåëè
Âàëüðàñà-Ýâàíñà-Ñàìóýëüñîíà;

ñîçäàòü àëãîðèòì ðàñ÷åòîâ äëÿ ðàçëè÷íûõ ìîäåëåé ðûíêà è ïðîâåñòè
÷èñëåííûå ýêñïåðèìåíòû;

èññëåäîâàòü âîïðîñ ñóùåñòâîâàíèÿ ìíîæåñòâà ïîëîæåíèé ðàâíîâåñèÿ â
ìîäåëè ðûíêà.
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De�nition
Ïóñòü çàäàíî α > 0. Îòîáðàæåíèå Ψ : X → Y íàçûâàåòñÿ α-íàêðûâàþùèì, åñëè

BY (Ψ(x), αr) ⊆ Ψ(BX (x , r)) ∀r ≥ 0, x ∈ X .

De�nition
Ïóñòü çàäàíî β > 0. Îòîáðàæåíèå Φ : X → Y íàçûâàåòñÿ β- ëèïøèöåâûì, åñëè

ρY (Φ(x1),Φ(x2)) ≤ βρX (x1, x2) ∀x1, x2 ∈ X .
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Theorem
(î ñóùåñòâîâàíèè òî÷åê ñîâïàäåíèÿ) Ïðåäïîëîæèì, ÷òî q0- ñèììåòðè÷åñêîå
(q1, q2) - êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî (X , ρX ) ÿâëÿåòñÿ ïîëíûì. Ïóñòü
îòîáðàæåíèå Ψ ÿâëÿåòñÿ α-íàêðûâàþùèì è çàìêíóòûì, à îòîáðàæåíèå Φ ÿâëÿåòñÿ
ëèïøèöåâûì ñ êîíñòàíòîé β < α. Çàôèêñèðóåì ïðîèçâîëüíóþ òî÷êó x0 ∈ X . Òîãäà
ó îòîáðàæåíèé Ψ è Φ ñóùåñòâóåò òàêàÿ òî÷êà ñîâïàäåíèÿ ξ, ÷òî èìååò ìåñòî îöåíêà

lim
η→ξ

ρX (x0, η) ≤ q2
1α

m0−1S (q2β/α,m0 − 1) + q1(q2β)m0−1

αm0 − q2βm0
ρY (Ψ(x0),Φ(x0)).

Åñëè âûïîëíÿåòñÿ äîïîëíèòåëüíîå óñëîâèå q2
0β < α, òî èìåþò ìåñòî îöåíêè

ρX (ξ, x0) ≤ q0q
2
2

q2α
n0−1S

(
q1q

2
0β/α, n0 − 1

)
+ (q1q

2
0β)n0−1

αn0 − q1 (q2
0β)

n0
ρY (Ψ(x0),Φ(x0)),

lim
η→ξ

ρX (η, x0) ≤ q0q2

q2α
n0−1S

(
q1q

2
0β/α, n0 − 1

)
+ (q1q

2
0β)n0−1

αn0 − q1 (q2
0β)

n0
ρY (Ψ(x0),Φ(x0)).
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ÍÀÓ×ÍÛÅ ÐÅÇÓËÜÒÀÒÛ ÂÒÎÐÎÃÎ ÃÎÄÀ (À.Ì. Êîòþêîâ)

Èññëåäîâàíà ìîäåëü çàêðûòîãî è îòêðûòîãî ðûíêîâ.

Ðàññìîòðèì ìîäåëü Ìàðøàëà-Ýâàíñà

n ∈ N, p̄ = (p1, ..., pn) ∈ Rn, ā = (a1, ..., an) ∈ Rn
+,

c̄1 = (c11, ..., c1n), c̄2 = (c21, ..., c2n) ∈ Rn
+ : c1i ≤ pi ≤ c2i ∀i = 1, n.

Ïóñòü òàêæå äëÿ ôèêñèðîâàííûõ öåí p̄∗ = (p∗1 , ..., p
∗
n ) ∈ Rn

+ èçâåñòíû çíà÷åíèÿ ñïðîñà è

ïðåäëîæåíèÿ D̄∗ = D(p̄∗), S̄∗ = S(p̄∗) ∈ Rn.
Ïîìèìî ýòîãî, ìû ïîëàãàåì èçâåñòíûìè ìàòðèöû ýëàñòè÷íîñòåé ñïðîñà è ïðåäëîæåíèÿ
ïî öåíå:

E = (Eij )i,j=1,n, Eij = ∂Di
∂pj

pj
Di
, i , j = 1, n,

Ẽ = (Ẽij )i,j=1,n, Ẽij = ∂Si
∂pj

pj
Si
, i , j = 1, n,

(4)

Ðåøàÿ ñèñòåìû óðàâíåíèé (4), ïîëó÷èì ÿâíîå âûðàæåíèå äëÿ îòîáðàæåíèé ñïðîñà è
ïðåäëîæåíèÿ:

Di (p̄) = D∗i

n∏
j=1

(p∗j )−Eij p
Eij
j , Si (p̄) = S∗i

n∏
j=1

(p∗j )−Ẽij p
Ẽij
j , i = 1, n. (5)

Ìîäåëü çàêðûòîãî ðûíêà: σc = (E, Ẽ, D̄∗, S̄∗, p̄∗, c̄1, c̄2).
Ïîëîæåíèå ðàâíîâåñèÿ: ∃p̄ : c1i ≤ pi ≤ c2i ∀i = 1, n; S(p̄) = D(p̄).
Ìîäåëü îòêðûòîãî ðûíêà: σo = (a, E, Ẽ, D̄∗, S̄∗, p̄∗, c̄1, c̄2).
Ïîëîæåíèå ðàâíîâåñèÿ: ∃p̄ : c1i ≤ pi ≤ c2i ∀i = 1, n; S(p̄) + ā = D(p̄).
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Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæåíèÿ

ðàâíîâåñèÿ â ìîäåëè çàêðûòîãî ðûíêà:

Theorem
Ïóñòü â ìîäåëè σc ∈ Σc ñóùåñòâóåò âåêòîð ðàâíîâåñíûõ öåí. Òîãäà äëÿ ïàðàìåòðîâ ýòîé

ìîäåëè âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå: rang(E − Ẽ) = rangA, ãäå ýëåìåíòû ìàòðèöû

A = (aij )i,j=1,n îïðåäåëÿþòñÿ ïî ôîðìóëàì:

aij =

Ẽij − Eij , i , j = 1, n;

ln
D∗i
S∗i

+
n∑

k=1
(Ẽik − Eik ) ln p∗k , i = 1, n, j = n + 1.

Theorem
Ïóñòü ïàðàìåòðû ìîäåëè çàêðûòîãî ðûíêà σc ∈ Σc óäîâëåòâîðÿþò óñëîâèÿì:

∀m = 1, n detFm = 0, detGm ≥ 0, ãäå Fm = (fmij )i,j=1,n+1,Gm = (Gmij )i,j=1,n+1,

fmij =



δij , i, j = 1, n;

c1i , i = 1, n, j = n + 1;

Ẽij − Eij , i = n + 1, j = 1, n;

ln
D∗i
S∗
i

+
n∑

j=1
(Ẽij − Eij ) ln p∗j , i, j = n + 1;

gmij =


δij , i, j = 1, n;

c1i , i = 1, n, j = n + 1;

−δmj , i = n + 1, j = 1, n;

c1m, i, j = n + 1.

Òîãäà â ìîäåëè σc ∈ Σc ñóùåñòâóåò âåêòîð ðàâíîâåñíûõ öåí.
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Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ â ìîäåëè

îòêðûòîãî ðûíêà:
Ââåäåì îáîçíà÷åíèÿ:

α(σ) =
[

max
i=1,n

(
S∗i

n∏
j=1

(p∗j )−Ẽij min

{
c
|Ẽij |
1j , c

−|Ẽij |
2j

})−1
n∑

k=1

c2k − c1k

2
c2k |Ẽ−1

ki |
]−1

, (6)

β(σ) = max
i=1,n

(
D∗i

n∏
j=1

(p∗j )−Eij max
{
c
|Eij |
2j , c

−|Eij |
1j

}) n∑
k=1

ck2 − c1k

2c1k
|Eik | , (7)

γ(σ) = max
i=1,n

|Si (c̃) + ai − Di (c̃)| ,

ãäå c̃ = (c1 + c2)/2, Ẽ−1
ki � ýëåìåíò ìàòðèöû Ẽ−1, îáðàòíîé ê ìàòðèöå Ẽ .

Theorem
Ïóñòü ïàðàìåòðû ìîäåëè σo ∈ Σo óäîâëåòâîðÿþò ñëåäóþùåìó óñëîâèþ:

γ(σ) < α(σ)− β(σ).

Òîãäà â ìîäåëè σo ñóùåñòâóåò âåêòîð ðàâíîâåñíûõ öåí p̄ ∈ Rn
+ òàêîé, ÷òî

c1i ≤ pi ≤ c2i , i = 1, n.

Ïîëó÷åííûå ðåçóëüòàòû ïîäêðåïëåíû ÷èñëåííûìè ýêñïåðèìåíòàìè.

ÈÏÓ ÐÀÍ 33 / 35



Ïóáëèêàöèè ïî ïðîåêòó:

1 Êîòþêîâ À.Ì. Èòåðàöèîííûé ïðîöåññ ïîèñêà òî÷åê ñîâïàäåíèÿ / Ìàòåðèàëû
Ìåæäóíàðîäíîé êîíôåðåíöèè Âîðîíåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà
¾Ñîâðåìåííûå ìåòîäû òåîðèè ôóíêöèé è ñìåæíûå ïðîáëåìû¿, 2021.
Âîðîíåæ: Èçäàòåëüñêèé äîì ÂÃÓ, 2021. Ñ. 171. (ÐÈÍÖ)

2 Êîòþêîâ À.Ì., Ïàâëîâà Í.Ã., Æóêîâñêèé Ñ.Å. Ïîëîæåíèå ðàâíîâåñèÿ â
ìîäåëÿõ ðûíêà / Òðóäû 14-é Ìåæäóíàðîäíîé êîíôåðåíöèè "Óïðàâëåíèå
ðàçâèòèåì êðóïíîìàñøòàáíûõ ñèñòåì"(MLSD-2021). Ì.: ÈÏÓ ÐÀÍ, 2021. Ñ.
646-653. (ÐÈÍÖ)

3 Kotyukov A.M., Pavlova N.G. Equilibrium in Market Models / Proceedings of the
14th International Conference "Management of Large-Scale System
Development"(MLSD). (Scopus)

4 Arutyunov A.V., Kotyukov A.M., Pavlova N.G. Equilibrium in Market Models with
Known Elasticities // ASSA 2021. Vol 24 � 4. Ñ. 130-144. (Scopus)

Â ðàìêàõ âûïîëíåíèÿ íîâîãî ïðîåêòà

Ïëàíèðóåòñÿ ïîëó÷èòü óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ äëÿ
äèíàìè÷åñêîé ìîäåëè ðûíêà.

Ïðåäïîëàãàåòñÿ ðàçðàáîòàòü àëãîðèòì ïîèñêà ïîëîæåíèÿ ðàâíîâåñèÿ äëÿ
äèíàìè÷åñêîé ìîäåëè.

Ïëàíèðóåòñÿ ðåøèòü çàäà÷ó ìàêñèìèçàöèè áþäæåòà íà ìíîæåñòâå ïîëîæåíèé
ðàâíîâåñèÿ â äèíàìè÷åñêîé ìîäåëè ðûíêà è ïðîâåñòè ÷èñëåííûå
ýêñïåðèìåíòû íà ðåàëüíûõ ñòàòèñòè÷åñêèõ äàííûõ.
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