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®eHomen Ynpasnerus Ha Ckonb3sumx Pexxunmax

"Mpodbeccop Bagum V. YTkuH octasun ofHo 13 HenpeB3oiiaeHHbIX Hacneamnid B 0baacTu TEXHUKN yrnpas-
nexunst. Perynatopbl Ha CKONb3SLWNX pexxMmax, co3gaHHble npodeccopoM YTKUHBIM, KOTOPbIi OCTaBacs
NMaepom aaHHol obiacTu Ha npoTskeHun bonee 4 pecaTuneTuii, BEPOSITHO, KakK B NCCNEA0OBAHUSAX TaK 1
B NpUIoXeHnsix BocTpebosaHbl bonee, yem ntoboill fpyroii kKnacc perynsTopos, 3a uckatodenuem M-
perynsitopoB. Takme metoabl, kak model predictive control, backstepping, and H., control, moryt anws
NpeTeHJOBaTb Ha BO3AelicTBue B Dyayliem, KoTopoe DyfeT CpaBHUMO C AMAano30HOM COBOKYMHOIO BO3-
LeliCTBUS PEryNsaTOPOB Ha CKONb3ALMX pexxiMmax."?

2"Professor Vadim |. Utkin has built one of the unmatched legacies in the field of control engineering. Sliding mode
controllers, i.e, fathered and championed by Professor Utkin for over 4 decades, are probably more ubiquitous, both in the
control practice and in research, than just about any other class of controllers except for PID. Methods such as model
predictive control, backstepping, and Ho, control can only aspire for an impact in the future, which is comparable to the
range of cumulative impact of sliding mode control M. Krstic et al Time-varying Feedback for Stabilization in Prescribed
Finite Time, International Journal of Control, 2017, Utkin 80 Special Issue
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®eHomen Ynpasnerus Ha Ckonb3sumx Pexxunmax

© HenpepbiBHoe pa3BuTre HavmHas ¢ 1960-x

© bByay4yn opueHTMpOBaHHbIM Ha yNpaB/ieHUE B YCJIOBUSIX HEOMPeAeNeHHOCTU, NPefBOCXUTUIO
pa3BuTue pobacTHOro ynpasieHus

© HoBaTopckune metogbl (cpeamn Ap.): MeTOL SKBUBAJIEHTHOrO YNPABEHNS OMUCHIBAET HY/IEBYHO
OUHAMUKY, YCTONYNBOCTL CKOJIb3SILLUX PEXUMOB MPUBOSUT K MUHUMAJIbHON (ha30BOCTU
HEeNMHeliHbIX cucTem,backstepping BLOXHOBAEH BNOYHO-KAHOHNYECKUM METOAOM YNpPaBJ/IEHUS,
NPeAOXKEHHBIM B paMKaxX YNpaBieHNsl Ha CKOMb3SALLNX PEXMMAX.

@ MHorouucnentsle mornorpacuu (Google search Bbigaer HassaHus 6onee 25 moHorpadmii co
cnosamu sliding modes B 3arnaBumn) u XypHanbHble nybankaunm (TONBLKO UHAEKC LUTUPOBAHUS
paboT npodpeccopa YTkuHa cebiwe 50 Thicsa4)

Q@ LLnpokuii cnekTp npuaoxeHuii: CniaoBblie NPeobpa3oBaTen, NEKTPOMEXAHNHECKNE 1
3/1EKTPOIHEPrETNYECKNE CUCTEMbI, SNEKTPOABUIATENN, SNEKTPOMODUAMN 1 Ap.
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OcHoBHble pa3genbl Teopun

@ MHoromepHble CKOJb3ALLNE PEXMMDbI

@ DKBWBaJIEHTHOE YNpaB/IeHNe N ero annpPoOKCMMaLMA HU3KOYACTOTHLIM DUILTPOM

o HabnrogaTenn Ha CKOAb3ALWMX PeXXMMax 1 UX UCMOAb30BaHNe B obpaTHoli cBA3M ana ocnabnenus
adbpekTa bonTanus (chattering phenomenon) B 3amkHyTol Lenu

,D,I/ICerTHble CKONIb3ALWWMNE PEXUMbBI N HEABHAA CXeMa 3ﬁnepa NHTErpnpoBaHNA CKONb3ALWNX PEXNMOB
MpueeneHne k 6a04HO-KaHOHWYeCKON hopMe

KaCKa,D'Hbllz METO YyNpaBNeHNA Ha CKOJIb3ALWUNX PEXNMaX

WHTerpanbHoe ynpasieHne Ha CKOMb3ALMX PeXxumax

AfanTuBHOE ynpaBaeHMe Ha CKONb3SLLMX PeXXMMax

VnpaBfieHne Ha CKOTb3ALMX PEXXUMAX CUCTEMaMIN C pacnpeAesieHHbIMU NapamMeTpaMm

n C 3ana3jblBaHnNaAMNn

®© © 6 = 0 o

4/3a



XpoHoNorn4ecknii IKCKypc

© B 1960 r. guniomupoBaHHblii BbinyckHuk MIW Bagum YTKuH Havan CBOKO Hay4qHYHO Kapbepy B
kauvectee uHxeHepa Vnctutyrta MNMpobnem Vnpasnenuns AH CCCP noa pykoBoACTBOM akagemuKa
B.H. Metposa, byaywiero npeacepatens COBMECTHON aMepUKaHO-COBETCKON KOCMUYECKO
nporpammbl. [epBas onybnukoBaHHasi MOIOALIM CrieLnannctom pabota (B xypHane ABTomaTuka
n Tenemexaruka, 1962 r.) bbina nocesiLeHa CUHTE3Y ONTUMAILHOTO ynpasieHus 6e3
MCNONb30BaHNS UAEANIbHBIX MPON3BOAHbIX.
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NCMNOJIb30BaHNS UAEAJbHBIX MPOUN3BOAHbIX.

© Bckope oH npucoeguHuncs k rpynne byayuiero akagemuka n suue-npesugeHta Akagemun Hayk.
C.B. EmenbsiHoea, ocHoBonosoxHuka Cuctem c lNepemenHoit CTpyKTypoii, B paMkax KOTOPbIX
3apOAMIIOCH CAMOCTOSITE/IbLHOE HaMpaBJIeHNE YNPABJIEHUS] Ha CKOJIb3SALNX PeXXKMMaX.
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© B nocnegytowee gecatnnetre B. YTKNH pa3Bun HOBble MaTeMaTUYECKME MPUHLNNBI YIPABAEHNS
Ha CKOJIb3SLLMX PEXMMAX MHOTOMEPHBLIMU HESINHEVHBIMY CUCTEMaMU, HA OCHOBE BBEAEHHOIO UM
METOAA SKBUBAJIEHTHOrO YNpaBJieHnsl, KOTOPbIA WNPOKO UCMOJIb3YETCs NPaKTUYECKN BO BCEX
nybnukaumsx B gaHHoii obnactu. B 1964 r. um 6bina 3awmuieHa gucceprauus KaHauaaTa
TEXHNYECKNX HayK.
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Q B otanune ot Beywecteytowmx nybavkaumii no cuctemMam € nepeMeHHO CTPYKTYPOii co
CKaJISiPHBIM yMpaBfieHneM, ObIIO MHULUMPOBAHO N3YYEHNE MHOFOMEPHbIX CKOJIb3SILLNX PEXMMOB Ha
MepeceHeHnn HECKOJIbKIX NMOBEPXHOCTENR Pa3pbiBOB. JTO NPEeLBapuIO MOSIBJIEHNE CKOJIb3LLUX

PEXNMOB BbICOKUX NOPAAKOB, BBEAEHHbIX B KOHLe 1960-x E.A. BapbawuHsim u E.WN. Tepawerko.
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XpoHoNorn4ecknii IKCKypc

© B 1971 rr. bbina 3awmuieHa AUCCepTaUust AOKTOPA TEXHUYECKMX HAyK, Pe3y/ibTaTbl KOTOPOM Oblam
3aTEM MHTErpMpoOBaHbl B HbIHE LUMPOKO U3BECTHbIE MOHOrpachun
C.B. Emenbsitos, B.W. Y1kun, B.A. Tapan, H.E. Koctbinesa, A.M. LLlybnagse, B.6. Ezepos
Teopusi Cuctem c Mepemennoii CtpykTypoii, 1970, Mocksa, Hayka
V. Utkin, Sliding Modes in Control and Optimization, Springer-Verlag, Berlin, 1992,
onybINKOBaHHbIE B MPECTUXKHBIX N34ATENbCTBAX N MOCAYXKUBLUNE UCTOYHUKOM BLOXHOBEHUS

NOCNeAYIOLNX NOKOJAEHN K CUCTEMATUYECKOMY Pa3BUTUIO TEOPUW YMPABAEHNSA HA CKONb3ALLUX
pexxmmax.
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@ B koHue 60-x Ha4yanoCb MHOrOJIETHEE COBETCKO-IOrOC/IaBCKOe COTPYAHUYeCTBO Mexay VHcTuTyTom
Mpobnem YnpagneHnusi n dneprounsect, CapaeBo, KOTOPOE NPUBENO K 3HAYUTENLHOMY MPOrpecy
KaK B TEOPUW CKOMB3SILLMX PEXXMMOB TaK U B UX MPUNOXKEHUAX K YNPABAEHNIO SNEKTPONPUBOLAMMU.
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© Ha npotsixxennn 20-tu net B.W. YTknH ocTaBancs oTBETCTBEHHBIM UCMONHUTENEM NPOEKTa C
COBETCKOI CTOPOHbI, B PaMKaxX KOTOPOro Mosiogble Konaerun BbI6VIpaJ'IVI CKONIb3ALNE PEXNMbI
Temoli cBomx Byayumx KaHANAATCKUX AnccepTaunii. Tak NepBoe NpUNoXeHne MHOFOMEPHbIX
CKONb3SLNX PEXUMOB bbino peanusosaro A. LLlabanosny n [. M3ocumoBbiM B ynpaeneHun
3/IEKTPOABUraTENEM.
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© B pesynbrate cchopmuposaswerocsi B UnctutyTe Mpobnem VYnpasneHnsi caMoCcTOSTENBHOMO
Hay4HOrO HaMpPaB/EHMS MO CKOMb3SWNM peXxumam B koHue 70-x bbina cosgaHa ofgHOMMEHHas
nabopatopus 22, c ocHoaHust kotopoii B./. YTknH octaBancs ee pykoBoguTeseMm A0 Havana
cBoeii 3apybexHoli kapbepbl B 1992 .



XpoHoNorn4ecknii IKCKypc

© B pesynbrate cdhopmuposaswerocst B Minctutyte Mpobnem YnpasiaeHnst caMoCTOSITENBLHOIO
Hay4YHOro HaMpPaBJ/IEHNsI MO CKOJIL3SLUM peXxxumam B KoHue 70-x Oblia co3gaHa ogHOMMEHHas
nabopatopus 22, c ocHoaHust kotopoii B./. YTknH octaBancs ee pykoBoguTeseMm A0 Havana
cBoein 3apybexxHoi kapbepbl B 1992 .

© B pamkax nabopatopuu nosiBuNoCL HOBOE NOKONEHWE UcCaenoBaTeseli, Yby AUCcepTaLumn nog ero
Hay4YHbIM PYKOBOACTBOM MONOXXWU/N HAa4aNo HOBbIM TEOPUTUYECKNM Pa3fenam 1 NpoaoIXMan
BHOCUTb CBOWi BK/IaA B faHHYO 0bnacThb:
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(6), 753-757;
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XpoHoNorn4ecknii IKCKypc

o

© 0 o0 o
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@ Hauunas ¢ 1993 r., B.W. VTkun - Mpodbeccop Vuusepcuteta Oxalio (Ohio State University), rae
Ha npoTsbkeHun 6e3 manoro 30-Tu NeT akTUBHO NPOLOJKaN paboTaTb CO CBOMMUN KoJIEramMu 1
ACNUPaAaHTAaMUN, OCTaBasACb 3aKOHOAATENEM HOBbIX BESAHUI B 06J'|aCTV| YNPaBAE€HUNA Ha CKONIb3ALWNX
peXxunmax:



XpoHoNorn4ecknii IKCKypc

© Hauunas ¢ 1993 r., B.W. VTkun - Mpodeccop Yrusepcntera Oxaiio (Ohio State University), rae
Ha npoTsbkeHun 6e3 masnoro 30-Tu NeT akTUBHO NPOLOJKa paboTaTb CO CBOUMM KOEramMu U
acnupaHTaMu, OCTaBasiCb 3aKOHOAATENIEM HOBbLIX BESHHWIA B 0BJ1aCTU yNpaBaAeHNsi Ha CKOJb3SILLMX
peXunmMax:

@ V.I. Utkin, J. Guldner, J. Shi, Sliding Mode Control in Electromechanical Systems, 1999, Taylor
and Francis, London;
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@ Scalar relay system

&= f(t) — Msignxz with |f]lec <M (1)



@ Scalar relay system

&= f(t) — Msignxz with |f]lec <M (1)

@ Lyapunov function V() = 22
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@ Scalar relay system

&= f(t) — Msignxz with |f]lec <M (1)

@ Lyapunov function V (x) = 22

V = 22i = 2Jz|[f(t)signz — M] < —2(M — || fllos) < —2VV (M — | f]|c)

@ i(t) =0 forall t > T and some T' > 0 = Msign 0 iy f(t)

x(t)

. ,
+ o75a




Controlled Plant
i = u(x, &) (2)

Two unstable structures uv = u; and u = us:

ui(z,£) = 6% + 162 unstable saddle 3)
us(xz,2) = 64 — 162 unstable focus. (4)



7d &
/N -



<
\
\
d y
< A
N
\
\ \
(A
\
v \
v \
\
N
\
\
<
\

@ SM equation s = & + cx = 0 is of reduced order
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@ SM equation s = & + cx = 0 is of reduced order
@ SM does not depend on the plant dynamics
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@ SM equation s = & + cx = 0 is of reduced order
@ SM does not depend on the plant dynamics
@ The gain c is at the designer’s will




Switching rule

[ 6i+162 if ws(z,i)<0
u(z, ) = { 6 — 16z if axs(z,) >0 ©

forcing the system structure to slide along the surface
s(z, &) =t +cx, c>0 (6)

results in asymptotical stability of the closed-loop system.



Sliding Mode in a Relay System

T+ agx + a1z = u + f(t)

u = —Msigns,s = x + cx
sioms = +1, ifs >0
2 -1, ifs <O,

M, c,a1,ao are constant parameters

f(¢t) is a disturbance

]




i { Fla,ut (1), t

<~

= fr(x,t) ifs(x)>0
C = (a,t) if s(a) <0

~— ~—
—

fx,u™ (2, t),

ECM: s = 0= §=0= grad’s- f(x,ueq,t) = 0 (Zero Dynamics Concept was thus anticipated!)

six)=0

Xy a3,
grad s
I
T fla)
P 5(x)=0 1 floany,)
v s
£+ flxi') w, Tangential plane

Puc.: Filippov solution (left) and Utkin solution (right)



. { flz,t) + bz, t)yu™ (z,t) if s(z) >0
Y7\ Flat) + bz, u(2,t) if s(z) <0

Provided that grad”s - b is invertible, Equivalent Control Method results in

grad’s - [f +bueg] =0 = uey(w,t) = —(grad’s-b) " *grad’s- f
I

Utkin solutions on s = 0 are governed by

i=f—blgrad’s-b)"‘grad’s- f.

Remarkably, i) affine systems possess the same Filippov and Utkin solutions on s = 0 such that grad” s-b
is invertible! ii) the projection of f (possibly unknown) is reconstructible from wug!!!



Physical Meaning of Equivalent Control

Discontinuous control consists of high frequency and slow components:

U(JJ, t) = Upf + Usiow

up is filtered out by the plant and the motion is affected by w40, only. It means that

Uslow = Uegq-

Thus, ueq may be obtained by a low-pass filter

TlUslow + Uslow = u, T << 1

Uslow = Uegq

Since u., depends on unknown parameters and disturbances this dependence can be reconstructed,
e.g., to design robust observers!
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@ The sliding mode filter
2= —\sign(z(t) — y(t)),2(0) = 2 € R", A >0

is capable of an approximate differentiation of a smooth signal v(¢) provided that
()] <o < AVE>0.



@ The sliding mode filter
5= —Asign(z(t) — (1)), 2(0) =2° € R", A >0

is capable of an approximate differentiation of a smooth signal v(¢) provided that
()] <o < AVE>0.
@ Indeed, the deviation e(t) = z(t) — y(t) is governed by
é=—Asigne —(t), t >0

where the sliding mode e(t) = 0 occurs in finite time thanks to the Lyapunov function V(e) = |e|
whose time derivative along the solutions is governed by V' < —(\ — 7(t)).



Sliding Mode Differentiator

© The sliding mode filter
3 = —\sign(z(t) — (1), 2(0) = 2 € R", A >0

is capable of an approximate differentiation of a smooth signal v(¢) provided that
()] < v < AVE> 0.

@ Indeed, the deviation e(t) = z(t) — () is governed by
é = —MAsigne —5(t), t >0

where the sliding mode e(t) = 0 occurs in finite time thanks to the Lyapunov function V(e) = |e|

whose time derivative along the solutions is governed by V' < —(\ — ~(t)).
@ Thus, V(t) =0Vt > % and by equivalent control method, #(t) = —Asigne(t), t > w2

0
Hence, the average value w4 (t) = —Asigne(t) , obtained from the low-pass filter

Klleg = —Ueq — Asigne(t) as k10

represents an approximate estimate of (¢).
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Sliding Mode Differentiator

© The sliding mode filter
3 = —\sign(z(t) — (1), 2(0) = 2 € R", A >0
is capable of an approximate differentiation of a smooth signal v(¢) provided that

(O] <y <AVE>0.
@ Indeed, the deviation e(t) = z(t) — () is governed by
é = —MAsigne —5(t), t >0
where the sliding mode ¢(t) = 0 occurs in finite time thanks to the Lyapunov function V(e) = |e]
whose time derivative along the solutions is governed by V' < —(\ — 7(t)).
©Q Thus, V(t) =0Vt > )‘\/_(?/) , and by equivalent control method, 4(¢) = —Asigne(t), t > V(o)

0 A=v0"
Hence, the average value w4 (t) = —Asigne(t) , obtained from the low-pass filter

Klleg = —Ueq — Asigne(t) as k10

represents an approximate estimate of (¢).
@ Similar equivalent-control-based idea ia usable for SM robust observer design!

18 /34



© For ease of exposition, the prinicpal idea is exemplified with the double integrator

i?l(t) = mz(t), xl(t) (S R,

ia(t) = u + h(t,7), wa(t) € R }subject to |h(t,z)| < ho with known bound hy (M)
2 - st )y L2 )



© For ease of exposition, the prinicpal idea is exemplified with the double integrator

j?l(t) = xg(t), xl(t) € R, . .
<
#a(t) = u+ h(t,2), w2(t) € R, subject to |h(t, x)| < hy with known bound hg @)
@ The objective is to compose u = ug + w1 in such a way that the first component ug provides the
desired closed-loop dynamics whereas the second component compensates the unknown
disturbance h(t,x) for all t > 0.



Integral Sliding Mode

© For ease of exposition, the prinicpal idea is exemplified with the double integrator

T2(r;(i) “—ﬁ((ff)}) (/2 (f)li’ R }subject to |h(t,z)| < ho with known bound kg (7)

@ The objective is to compose u = ug + w1 in such a way that the first component ug provides the
desired closed-loop dynamics whereas the second component compensates the unknown
disturbance h(t,x) for all ¢t > 0.

© For this purpose, compliment the orlgmal second order system with an auxiliary dynamics
2= —ug, 2(0) =0, i.e., z(t fo uo(7)dT and select

—Msigns(t), M > hg, where s(t) = z2(t) — x2(0) + 2(t).

Note s involves the integral input component z(t)!
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desired closed-loop dynamics whereas the second component compensates the unknown
disturbance h(t,x) for all ¢t > 0.

© For this purpose, compliment the orlgmal second order system with an auxiliary dynamics
2= —ug, 2(0) =0, i.e., z(t fo uo(7)dT and select

—Msigns(t), M > hg, where s(t) = z2(t) — x2(0) + 2(t).

Note s involves the integral input component z(t)!
@ Since §(t) = —M sign(s(t)) + h(t,x) and s(0) = 0, the integral sliding mode s = 0 is in force for
all t > 0 so that (M sign(s))eq = h(t,z) compensates the disturbance for all t > 0.
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Integral Sliding Mode

© For ease of exposition, the prinicpal idea is exemplified with the double integrator

T2(r;(i) “—ﬁ((ff)}) (/2 (f)li’ R }subject to |h(t,z)| < ho with known bound kg (7)

@ The objective is to compose u = ug + w1 in such a way that the first component ug provides the
desired closed-loop dynamics whereas the second component compensates the unknown
disturbance h(t,x) for all ¢t > 0.

© For this purpose, compliment the orlgmal second order system with an auxiliary dynamics
2= —ug, 2(0) =0, i.e., z(t fo uo(7)dT and select

up = —M signs(t), M > hg, where s(t) = x2(t) — 22(0) + 2(1).

Note s involves the integral input component z(t)!

@ Since §(t) = —M sign(s(t)) + h(t,x) and s(0) = 0, the integral sliding mode s = 0 is in force for
all t > 0 so that (M sign(s))eq = h(t,z) compensates the disturbance for all t > 0.

@ Indeed, substitution of u = ug — (M sign(s))eq into (7) results in the desired motion equation

#1(t) = w2(t), &2(t) = uo-

19/34
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1. Select a function s: R™ — R™ such that
|det(VTs- B)| > Ag
and such that the sliding mode on the manifold
s(z) =0,z € R"

has desired dynamic properties (e.g., asymptotically stable sliding motion).



Design Procedure

1. Select a function s: R™ — R™ such that
|det(VTs - B)| > Ag
and such that the sliding mode on the manifold
s(z) =0,z € R"

has desired dynamic properties (e.g., asymptotically stable sliding motion).

2. Discontinuous control is selected to enforce sliding mode in the pre-selected manifold s(z) = 0.
Again we deal with the problem of a reduced order, since the state trajectories should reach the
manifold after a finite time interval in m-dimensional subspace s in compliance with the equation

5=VTs- f+VTs: Bu. (10)
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@ the sliding mode equation is of a reduced order;



@ the sliding mode equation is of a reduced order;

@ it does not depend on the control values;



@ the sliding mode equation is of a reduced order;
@ it does not depend on the control values;
@ it depends on discontinuity manifold equation



Attractive Features

the sliding mode equation is of a reduced order;
it does not depend on the control values;

it depends on discontinuity manifold equation

it is invariant in matched disturbances h(x,t) = Bhg(x,t) from the control space.
Indeed, the sliding mode velocity for the vector field f + Bhgy remains the same

Jolt,@) = f(t,2) - B(t,2)(VTs(2) B(t,2)) " V7s(2) f(t, ) (11)

because the term Bhg(t,z) — B(t,z)(VIs(xz)B(t,z)) 'V1s(z)Bho(t,z) = 0 thereby not
contributiong into fj.
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Sliding Mode Synthesis




&= f(z,t) + B(z,t)u + h(z,t),zr € R",u € R™

Assumptions:



&= f(z,t) + B(z,t)u + h(z,t),zr € R",u € R™

Assumptions:
© Nominal System

&= f(x,t),z € R"

is asymptotically stable and there exists a C' Lyapunov function V (z) such that
gradtV(x) f(z,t) < —Wi(x) <0



Unit Feedback and Disturbance Rejection

&= f(z,t) + B(z,t)u+ h(z,t),z € R",u € R™
Assumptions:
© Nominal System
&= f(z,t),z € R"
is asymptotically stable and there exists a C'' Lyapunov function V() such that

grad®V (z)f(z,t) < —Wi(z) <0
© The uncertain term h meets the matching condition

h(z,t) € span(B), i.e., h(z,t) = B(z,t)w(z,t)

for some w(zx,t) € R™
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Unit Feedback and Disturbance Rejection

&= f(z,t) + B(z,t)u+ h(z,t),z € R",u € R™
Assumptions:
© Nominal System
&= f(z,t),z € R"
is asymptotically stable and there exists a C'' Lyapunov function V() such that

grad®V (z)f(z,t) < —Wi(z) <0
© The uncertain term h meets the matching condition

h(z,t) € span(B), i.e., h(z,t) = B(z,t)w(z,t)

for some w(zx,t) € R™
© The magnitude of possibly unknown w(z,t) € R™ is upper bounded with wy(z,t) € R™,
known a priori:

[ w(z,t) [|[< wolz,t)
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@ Minmax Design

av
= Wo+ {grad(V)}TB(u +w) — min max
dt o+ {grad(V)} Blutw) — min | max



@ Minmax Design

av
= Wo+ {grad(V)}TB(u +w) — min max
dt o+ {grad(V)} Blutw) — min | max

e Control Input

u=—p(x,t)U(s(x,t)), with p(z,t) > wo(x,t)



@ Minmax Design

av
= Wo + {grad(V)}" B(u+w) — min max
g = Wot {grad(V)} ) = min | max

e Control Input

u=—p(x,t)U(s(x,t)), with p(z,t) > wo(x,t)

o Unit Signal

U(s) = ” T with s(x,t) = BT (z,t)grad V(z)
of the norm || ”Zg 3” || = 1 beyond the (n — m)-dimensional manifold s = 0.






Features of the Unit Control

@ The Closed-loop System is GAS:

av
< —Wila)— || BTgrad V| [pla,t) -

BTgrad V

2 9rat v (et
| BLgrad vV ”wO(:v, <0



Features of the Unit Control

@ The Closed-loop System is GAS:

av
< —Wila)— || BTgrad V| [pla,t) -

BTgrad V

TBTgrad v < <0

@ The unit signal s/||s|| is a discontinuous function of the state and it undergoes discontinuities on
the (n — m)-dimensional manifold s = 0.
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Features of the Unit Control

@ The Closed-loop System is GAS:

av
< —Wila)— || BTgrad V| [pla,t) -

BTgrad V
| BTgrad vV ||w0(x’t)] <0

@ The unit signal s/||s|| is a discontinuous function of the state and it undergoes discontinuities on
the (n — m)-dimensional manifold s = 0.

@ The unit signal s/||s|| remains continuous until the manifold s(x,¢) = 0 is reached.

e 26 /34



Unit Feedback and Disturbance Rejection

e .-e.-Homwm»ef

@ The Closed-loop System is GAS:

dV
< —Wila)— || BTgrad V| [pla,t) -

BTgrad V
TBTgrad v < <0

@ The unit signal s/||s|| is a discontinuous function of the state and it undergoes discontinuities on
the (n — m)-dimensional manifold s = 0.

@ The unit signal s/||s|| remains continuous until the manifold s(z,t) = 0 is reached.

@ The equivalent control value u., = —w(z,t) is formally obtained on the discontinuity manifold
BT (x,t)grad V(x) =0, but it cannot be implemented — w(x,t) is unknown!
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Unit Feedback and Disturbance Rejection

e .-e.-Homwm»ef

@ The Closed-loop System is GAS:

dV
< —Wila)— || BTgrad V| [pla,t) -

BTgrad V
TBTgrad v < <0

@ The unit signal s/||s|| is a discontinuous function of the state and it undergoes discontinuities on
the (n — m)-dimensional manifold s = 0.

@ The unit signal s/||s|| remains continuous until the manifold s(z,t) = 0 is reached.

@ The equivalent control value u., = —w(z,t) is formally obtained on the discontinuity manifold
BT (x,t)grad V(x) =0, but it cannot be implemented — w(x,t) is unknown!

@ The disturbance h(z,t) is rejected due to enforcing the sliding mode on the discontinuity manifold.
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© Proper choice of the discontinuity manifold s = 0 with invertible G = {22} B and prescribed
dynamic properties of the closed-loop system & = f + h + Bu on s = 0.
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Decomposition of SM Synthesis

© Proper choice of the discontinuity manifold s = 0 with invertible G = {22} B and prescribed
dynamic properties of the closed-loop system & = f + h + Bu on s = 0.

T
@ Unit feedback controller u = —p(z, t)% is constructed to guarantee existence of the sliding
motion along this manifold.
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Decomposition of SM Synthesis

© Proper choice of the discontinuity manifold s = 0 with invertible G = {22} B and prescribed
dynamic properties of the closed-loop system & = f + h + Bu on s = 0.

T
@ Unit feedback controller u = —p(z, t)% is constructed to guarantee existence of the sliding
motion along this manifold.

@ Indeed, the motion projection s = %}(f + h) 4+ Gu on the subspace s proves to be FTS:

V=357 = VS GTs(@) |l G o) (7 + 0 | —pla )] < ~20VV

for some 7o > 0 provided that
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Decomposition of SM Synthesis

© Proper choice of the discontinuity manifold s = 0 with invertible G = {22} B and prescribed
dynamic properties of the closed-loop system & = f + h + Bu on s = 0.

T
@ Unit feedback controller u = —p(z, t)% is constructed to guarantee existence of the sliding
motion along this manifold.

@ Indeed, the motion projection s = %}(f + h) 4+ Gu on the subspace s proves to be FTS:

V=357 = VS GTs(@) |l G o) (7 + 0 | —pla )] < ~20VV

for some 7 > 0 provided that
@ The gain p is large enough:

plz,t) >[ G~ {*}(f+h)]( &)l
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Decomposition of SM Synthesis
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Decomposition of SM Synthesis

© The equivalent control value
4, 0s
g = =G~ {Z HS + 1) (12)

is obtained by solving the equation § = %}(f + h) + Gu = 0 with respect to w.

y
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Decomposition of SM Synthesis

© The equivalent control value

e = ~GTHIZY(F 1) 12)

is obtained by solving the equation § = %}(f + h) + Gu = 0 with respect to w.
© The sliding mode equation

. 4,0
i=f+h=G YN +h), (13)
ox
on s = 0 is derived by substituting the equivalent control value (12) into the plant equation
= f+h+ Bu

for w.

y
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Decomposition of SM Synthesis

© The equivalent control value
4, 0s
ey = =G }(f + )

is obtained by solving the equation § = %}(f + h) + Gu = 0 with respect to w.
© The sliding mode equation

s
t=f+h-G{—= h
=1+ {51 +h),
on s = 0 is derived by substituting the equivalent control value (12) into the plant equation
= f+h+ Bu

for w.
© The choice of s should guarantee that SM's (13) is asymptotically stable.

(12)

(13)

y
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© The design procedure becomes transparent, for the systems in the regular form

xl(t) = fl(t7$1(t)7m2(t))7
Ba(t) = falt, 1(t), w2(t) + Ba(t, z1(t), z2(t))u(t), (14)
21(t) € R, aa(t) € R™, u(t) € R™, det(Bs) # 0

where the state component x5(t) is handled as a fictitious control input in the first equation.
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© The design procedure becomes transparent, for the systems in the regular form

xl(t) = fl(t7x1(t)7m2(t))7
Ba(t) = falt, 1(t), w2(t) + Ba(t, z1(t), z2(t))u(t), (14)
21(t) € R, aa(t) € R™, u(t) € R™, det(Bs) # 0

where the state component x5(t) is handled as a fictitious control input in the first equation.

@ To get the desired dynamics in the first subsystem, select 25 = —sg(21) Then u should be designed
to enforce sliding mode in the manifold s(z1,22) = 22 + so(z1) =0
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Decomposition of SM Synthesis

Rl e

© The design procedure becomes transparent, for the systems in the regular form

i1(t) = fl(t,l'l(t),.%'g(t)),
Bo(t) = fo(t,w1(t), z2(t) + Ba(t, z1(t), 22(t))u(t), (14)
21() € R 2o(t) € R™, u(t) € R™, det(By) 40

where the state component 5 (t) is handled as a fictitious control input in the first equation.

@ To get the desired dynamics in the first subsystem, select 25 = —sg(21) Then u should be designed
to enforce sliding mode in the manifold s(x1,z2) = z2 + so(z1) =0

@ The sliding motion along s(z1,x2) = 0 is desirably governed by #1(t) = f1(¢,21(t), —so(z1(¢))).
Note, that the motion is of a reduced order and depends neither on function f> nor on function By
in the second equation of the original system (14).
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Decomposition of SM Synthesis

@ A.G. Lukianov and V.I. Utkin demonstrated that a principle of control system construction based
on the sequential use of some of the state vector's coordinates as controls can be used.

i’i = fz (l’l, ...,Z’i,t) + Bl (1’1, ...,Z’i,t) .’L’H_l, ]. S Z S = 1,
B = fiy (.CL'l, ...,.’L‘r,t) + B; (xl, ...,.%i,t) 4Bl
T = fr (X1, 0y @) + Br (21, ooy @py t) U+ Dy (21, oy @y, t) w(t),
y=h(z)=1

where the vector x is decomposed as z = (z],...,2])", z; € R"™ so that

r
ny <ng <---<n. <m, ueR™, Zm:n,-
1=1
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Decomposition of SM Synthesis

@ A.G. Lukianov and V.I. Utkin demonstrated that a principle of control system construction based
on the sequential use of some of the state vector's coordinates as controls can be used.

i’i = fz (1’1, ...,Z’i,t) 4+ Bl ($1, ...,Z’i,t) Tit1, 1 S i S T — 1,
B = fiy (.CL'l, ...,.’L‘T,t) + B; (acl, ...,l‘i,t) 4Bl
T = fr (X1, 0y @) + Br (21, ooy @py t) U+ Dy (21, oy @y, t) w(t),
y=h(z) =z

where the vector x is decomposed as z = (z],...,2])", z; € R"™ so that

T
n<ng<---<n.<m, ueR™”, Z”i:”"
=1l

@ Later on, the popular backstepping approach was inspired from the above block-cascade approach
for adaptive control of nonlinear systems of arbitrary relative degree.
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@ The Lyapunov min-max approach can be applied to a finite-dimensional approximation or
straightforwardly extended to infinite-dimensional setting.
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@ The min-max approach turns out to be applicable to a broad class of uncertain infinite-dimensional
systems.

@ The approach gives rise to a discontinuous unit feedback signal, stabilizing the underlying system
under uncertain plant operator and environment conditions.



Sliding Modes in Hilbert Space

Unit Control Extension

@ The Lyapunov min-max approach can be applied to a finite-dimensional approximation or
straightforwardly extended to infinite-dimensional setting.

@ The min-max approach turns out to be applicable to a broad class of uncertain infinite-dimensional
systems.

@ The approach gives rise to a discontinuous unit feedback signal, stabilizing the underlying system
under uncertain plant operator and environment conditions.

@ Capability of an infinite-dimensional system to slide along its discontinuity manifold and attractive
robustness features of the unit feedback synthesis are illustrated here with an extremely simple
example.
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Infinite-dimensional system in Hilbert Space H

t=U(x), 2(0)=2"c H (16)
Discontinuous (at « = 0) Unit Control Input

Ulz) = (17)

x
[’

Since the norm ||z|| = \/(z, ) in the Hilbert space is defined via the inner product (-, -), differentiating
the function ||z(t)||* on the trajectories of the closed-loop system (16), (17) yields

dlz@®))* H(1)) =
e = 2Aa(0)8(1) = 2|

I
Sliding motion in the origin = = 0 starting from ¢ > ||z(0)]]
O 3234



° Perturbed System

= —”z—” + h(z, ) (18)
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T
&= =0+ h(z,1) (18)
|z
@ Disturbance Norm Constraint
[h(z, t)]lu < e
@ Lyapunov Function
V(t) = llz(t)|?

@ Time Derivative along the Trajectories of Perturbed System

V() < —2(1-e)/V(t)
4



° Perturbed System

T
&= =0+ h(z,1) (18)
|z
@ Disturbance Norm Constraint
[h(z, t)]lu < e
@ Lyapunov Function
V(t) = llz(t)|?

@ Time Derivative along the Trajectories of Perturbed System

V() < —2(1-e)/V(t)
4

° FS of the Perturbed System
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o Ckosb3siline pexxnMbl OCTAKOTCS OAHUM U3 OCHOBHbIX METOLOB pPobACTHOrO YNpaB/ieHus!, LNPOKO
NPUMEHSIEMbIX Ha NpakTuke Biarogapsi NpocToTe UX peannsauuu.



KpaTkoe nocnecnosue

o Ckonb3siWme pexxnmMbl OCTAOTCA OGHUM U3 OCHOBHbIX METOLOB pobacTHOrO yNpaBieHusl, LWNPOKO
NPUMEHSIEMbIX Ha NpakTuke Biarogapsi NpocToTe UX peannsauuu.

@ [Mpodbeccop B.N. VTkun octasun boraTtoe Teopetnyeckoe Hacneaue. Ero dpyHgameHTansHole
pe3y/bTaThl ChOPMUPOBAIN COBPEMEHHYIO TEOPUIO YNPABIEHUS HA CKOJIb3SALMX PEXNUMAX 1
OKa3asin BAUSIHME HA pa3BuTUe obuieli Teopumn ynpaeneHus.
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o Ckonb3siWme pexxnmMbl OCTAOTCA OGHUM U3 OCHOBHbIX METOLOB pobacTHOrO yNpaBieHusl, LWNPOKO
NPUMEHSIEMbIX Ha NpakTuke Biarogapsi NpocToTe UX peannsauuu.

@ [Mpodbeccop B.N. VTkun octasun boraTtoe Teopetnyeckoe Hacneaue. Ero dpyHgameHTansHole
pe3y/bTaThl ChOPMUPOBAIN COBPEMEHHYIO TEOPUIO YNPABIEHUS HA CKOJIb3SALMX PEXNUMAX 1
OKa3asin BAUSIHME HA pa3BuTUe obuieli Teopumn ynpaeneHus.

o bnarogapsi npoctoTe B peann3auum, CKOJIb3SLUNE PEXMMbI MOJYHUIN LNPOKOE MEXAYHAPOAHOE
npusHaHue. Tak B 3TOM rogy npoeoanTcst 17-as MeXAyHapoAHasi LWKoJa No CucTeMam C
nepemeHHoll CTpykTypoii, koTopyto B 1992 r. nnnyuuposan B./. YTkuH n koTopyto oH gonroe
BpeMsi BO3rnaBnsa. B Heli TpafnLMOHHO NPUHMMAIOT y4acTue Hay4YHble KOMIEKTUBbLI N3 MHOTMX
CTpaH.

34/34



