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×òî òàêîå óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì?

×åëîâåêó ñâîéñòâåííî ñîâåðøàòü îøèáêè, íî ÷åëîâåêó òàêæå ñâîéñòâåííî ó÷èòüñÿ íà
òàêîì îïûòå
Ñóãóðó Àðèìîòî (1984)

Ïîä îáó÷åíèåì ìû áóäåì ïîäðàçóìåâàòü ïðîöåññ âûðàáîòêè â íåêîòîðîé ñèñòåìå òîé èëè
èíîé ðåàêöèè íà âíåøíèå ñèãíàëû ïóòåì ìíîãîêðàòíûõ âîçäåéñòâèé íà ñèñòåìó è
âíåøíåé êîððåêòèðîâêè
ß.Ç. Öûïêèí (1968)
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×òî òàêîå óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì?

Ïî ñóòè óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì ýòî ïðîñòåéøàÿ ìîäåëü âûðàáîòêè òàê
íàçûâàåìîé ìûøå÷íîé ïàìÿòè ïðè îáó÷åíèè ïîâòîðÿþùèìñÿ äâèæåíèÿì

òåðìèíîì ¾ìûøå÷íàÿ ïàìÿòü¿ îáîçíà÷àþò ñâîéñòâî ìóñêóëàòóðû çàïîìèíàòü
èçìåíåíèÿ òîíóñà ìûøö è âîñïðîèçâîäèòü èõ
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Ïîÿâëåíèå è ðàçâèòèå èäåè

Ïîÿâëåíèå èäåè
Garden M. Learning control of actuators in control systems. U.S. Patent 3555252, 1971.
Uchiyama M. Formation of high-speed motion pattern of a mechanical arm by trial //
Trans. Soc. Instrument Contr. Engineers. 1978. � Vol. 14, no. 6. � pp. 706�712,

Ðàçâèòèå è ôîðìàëèçàöèÿ èäåè.
Arimoto S., Kawamura S., Miyazaki F. Bettering operation of robots by learning // J.
Robot. Syst. � 1984. � Vol. 1. � pp. 123�140.

Õîðîøèå îáçîðû.
Ahn H-S, Chen Y.Q., Moore K.L. Iterative Learning Control: Brief Survey and

Categorization // IEEE Trans. Syst., Man, Cybernet. Part C: Appl. and Rev. � 2007. �
V. 37, �6. pp. 1099�1121.
Bristow D.A., Tharayil M., Alleyne A.G. A survey of Iterative Learning Control // IEEE
Control Syst. Magazine. � 2006. � V. 23, �3. � pp. 96�114.

Ï.Â. Ïàêøèí Óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì 18 èþíÿ 2024 ã. 6 / 57



Íåäàâíÿÿ êíèãà (2023)
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Ôðîáåíèóñà è îáó÷àåìîå óïðàâëåíèå ìàíèïóëÿöèîííûìè ðîáîòàìè // ÀèT. 1995. �
12. Ñ. 99�108

K. E. Avrachenkov. Iterative learning control based on quasi-Newton methods //
Proceedings of the 37th IEEE Conference on Decision and Control. 1998. V. 1. P 170�174.
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IFAC 2023 Open Invited Track
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IFAC 2023 OIT Recent Advances in Iterative Learning Control
and Repetitive Control
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Îáùàÿ ìîäåëü

Ñõåìà

Êîíå÷íûé èíòåðâàë âðåìåíè T � ïðîäîëæèòåëüíîñòü ïîâòîðåíèÿ (èñïûòàíèÿ), k � íîìåð
ïîâòîðåíèÿ

Æåëàåìàÿ òðàåêòîðèÿ, êîòîðàÿ äîëæíà áûòü âîñïðîèçâåäåíà ñ çàäàííîé òî÷íîñòüþ
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Ïðèíöèïèàëüíîå îòëè÷èå

ÓÈÎ îòëè÷àåòñÿ îò äðóãèõ ñòðàòåãèé óïðàâëåíèÿ ñ îáó÷åíèåì, òàêèõ êàê àäàïòèâíîå
óïðàâëåíèå è íåéðîñåòåâîå óïðàâëåíèå. Ñòðàòåãèè àäàïòèâíîãî óïðàâëåíèÿ èçìåíÿþò
ïàðàìåòðû ðåãóëÿòîðà, òîãäà êàê ÓÈÎ èçìåíÿåò òîëüêî âõîäíîé ñèãíàë. Êðîìå òîãî,
àäàïòèâíûå ðåãóëÿòîðû îáû÷íî íå èñïîëüçóþò èíôîðìàöèþ, ñîäåðæàùóþñÿ â
ïîâòîðÿþùèõñÿ êîìàíäíûõ ñèãíàëàõ. Òî÷íî òàê æå îáó÷åíèå íåéðîííîé ñåòè âêëþ÷àåò â

ñåáÿ èçìåíåíèå ïàðàìåòðîâ ðåãóëÿòîðà, ìîäèôèöèðóÿ îáó÷àåìóþ íåéðîííóþ ñåòü. Ýòè
ñåòè îáû÷íî òðåáóþò áîëüøîãî îáúåìà îáó÷àþùèõ äàííûõ, è áûâàåò òðóäíî
ãàðàíòèðîâàòü áûñòðóþ ñõîäèìîñòü, òîãäà êàê àëãîðèòìû ÓÈÎ îáû÷íî ñõîäÿòñÿ
àäåêâàòíî âñåãî çà íåñêîëüêî èòåðàöèé
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Àëãîðèòì Àðèìîòî

ẋk(t) =f(t, xk(t)) + Buk(t), yk(t) = Cxk(t), , k = 0, 1, . . . (1)

||f(t, ξ)−f(t, η)||∞ ≤ α(t)||ξ − η||∞, rank(CB) = r,
ãäå r � ðàçìåðíîñòü âåêòîðà óïðàâëåíèÿ è âåêòîðà âûõîäà.

uk+1(t) =uk(t) + Lėk(t), (2)

ek(t) =yd(t) − yk(t). (3)

Òåîðåìà 1

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

||Ir − CBL||∞ < 1;

u0(t) è yd(t) íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ];

yd(0) = Cx(0).

Òîãäà ïðèìåíåíèå àëãîðèòìà óïðàâëåíèÿ (2), (3) ê ñèñòåìå (1) ãàðàíòèðóåò âûïîëíåíèå óñëîâèÿ

yk(t) → yd(t)

ðàâíîìåðíî íà [0, T ].Ï.Â. Ïàêøèí Óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì 18 èþíÿ 2024 ã. 13 / 57



Ìåòîä ñóïåðâåêòîðà. Èäåÿ.

Ðàññìîòðèì äèñêðåòíóþ ñèñòåìó â ïîâòîðÿþùåìñÿ ðåæèìå ñî ñêàëÿðíûì âõîäîì è ñêàëÿðíûì âûõîäîì

xk(p + 1) = Axk(p) + Buk(p), yk(p) = Cxk(p), 0 ≤ p ≤ N − 1, k = 0, 1, . . . (4)

ïðîäîëæèòåëüíîñòü êàæäîãî ïîâòîðåíèÿ ñîñòàâëÿåò N øàãîâ è CB ̸= 0. Îáîçíà÷èì
pt = CA

p−1B, d(t) = CApx(0), d = [d(1)T . . . d(N)T ]T ,

yk = [yk(1)
T . . . yk(N)T ]T , yd = [yd(1)

T . . . yd(N)T ]T ,

uk = [uk(0)
T . . . uk(N − 1)T ]T .

Îáùàÿ ôîðìà óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì çàäàåòñÿ âûðàæåíèåì

uk+1(p) = Q(q)[uk(p) + L(q)ek(p + 1)], (5)

ãäå q � îïåðàòîð ñäâèãà (qx(p) = x(p + 1)), Q(q) è L(q) � òàê íàçûâàåìûé Q-ôèëüòð è ôóíêöèÿ
îáó÷åíèÿ ñîîòâåòñòâåííî, ýòè ôóíêöèè èìåþò âèä:

Q(q) = q−(N−1)q
N−1 + q−(N−2)q

N−2 + . . . + q−1q + q0+

+ q1q
−1 + . . . + q(N−2)q

−(N−2) + q(N−1)q
−(N−1),

L(q) = l−(N−1)q
N−1 + l−(N−2)q

N−2 + . . . + l−1q + l0+

+ l1q
−1 + . . . + l(N−2)q

−(N−2) + l(N−1)q
−(N−1). (6)

Ï.Â. Ïàêøèí Óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì 18 èþíÿ 2024 ã. 14 / 57



Ìåòîä ñóïåðâåêòîðà. Ìîäåëü.

Â òåðìèíàõ ðàñøèðåííûõ ïåðåìåííûõ ñèñòåìà (4) ñ àëãîðèòìîì ÓÈÎ (5) çàïèøåòñÿ â âèäå

yk = Puk + d,
uk+1 = Quk + Lek,

(7)

ãäå P =


p1 0 . . . 0
p2 p1 . . . 0
...

...
. . .

...
pN pN−1 . . . p1

, Q =


q0 q−1 . . . q−(N−1)

q1 q0 . . . q−(N−2)
...

...
. . .

...
qN−1 qN−2 . . . q0

,

L =


l0 l−1 . . . l−(N−1)

l1 l0 . . . l−(N−2)
...

...
. . .

...
lN−1 lN−2 . . . l0

.
Bristow D.A., Tharayil M., Alleyne A.G. A survey of Iterative Learning Control // IEEE Control Syst.

Magazine. � 2006. � V. 23, �3. � pp. 96�114.
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Ìåòîä ñóïåðâåêòîðà. Áàçîâûå ðåçóëüòàòû.

Îïðåäåëåíèå 1

Ñèñòåìà (4) c óïðàâëåíèåì (5) íàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâîé, åñëè ñóùåñòâóåò ū ∈ R òàêîå, ÷òî

äëÿ âñåõ p = 0, 1, . . . , N − 1 è k = 0, 1, . . . |uk(p)| ≤ ū è äëÿ âñåõ p = 0, 1, . . . , N − 1 ñóùåñòâóåò êîíå÷íûé
ïðåäåë u∞(p) = lim

k→∞uk(p)

Èç (7)ñëåäóeò óðàâíåíèå, îïèñûâàþùåå äèíàìèêó â îáëàñòè ïîâòîðåíèé (èòåðàöèé):

uk+1 = Q(I − LP)uk + QL(yd − d) (8)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2

Ñèñòåìà (4) c óïðàâëåíèåì (5) àñèìïòîòè÷åñêè óñòîé÷èâîé â ñìûñëå îïðåäåëåíèÿ 1 òîãäà è òîëüêî

òîãäà, êîãäà

ρ(Q(I − LP)) < 1, (9)

ãäå ρ(.) îçíà÷àåò ñïåêòðàëüíûé ðàäèóñ ìàòðèöû.
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Ìåòîä ñóïåðâåêòîðà. Ñõîäèìîñòü

Âî ìíîãèõ ñëó÷àÿõ ê àëãîðèòìó ÓÈÎ ïðåäúÿâëÿþòñÿ òðåáîâàíèÿ, ÷òîáû îí îáåñïå÷èâàë ñõîäèìîñòü
îøèáêè îáó÷åíèÿ ê íóëþ (e∞(p) = 0 äëÿ âñåõ p), íåçàâèñèìî îò êîíêðåòíîãî âèäà æåëàåìîé òðàåêòîðèè
yd(p) èëè ïîâòîðÿþùåãîñÿ âîçìóùåíèÿ. Ñëåäóþùèé ðåçóëüòàò äàåò íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
ñõîäèìîñòè îøèáêè îáó÷åíèÿ ê íóëþ.

Òåîðåìà 3

Ïðåäïîëîæèì, ÷òî P è L íå ðàâíû òîæäåñòâåííî íóëþ. Òîãäà äëÿ ñèñòåìû (4) ñ óïðàâëåíèåì (5)
e∞(p) = 0 äëÿ âñåõ p è äëÿ âñåõ yd è d òîãäà è òîëüêî òîãäà, êîãäà ýòà ñèñòåìà àñèìïòîòè÷åñêè

óñòîé÷èâà è Q(q) = 1.

Â ñîîòâåòñòâèè ñ ðåçóëüòàòîì òåîðåìû 3 ìíîãèå àëãîðèòìû ÓÈÎ íå âêëþ÷àþò Q-ôèëüòðàöèþ è â íèõ

Q(q) = 1. Òåîðåìà 3 óòâåðæäàåò, ÷òî ýòî íåîáõîäèìî äëÿ èäåàëüíîãî âîñïðîèçâåäåíèÿ æåëàåìîé

òðàåêòîðèè. Îäíàêî, Q-ôèëüòðàöèÿ ìîæåò óëó÷øèòü ïåðåõîäíûå õàðàêòåðèñòèêè è ïðèäàåò ïðîöåññó

îáó÷åíèÿ ðîáàñòíûå ñâîéñòâà.
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Ìåòîä 2D ìîäåëåé. Èäåÿ.

xk(p+ 1) = Axk(p) + Buk(p),

yk(p) = Cxk(p).

uk+1(p) = uk(p) + ∆uk+1(p), (10)

ek(p) = yd(p) − yk(p), k = 0, 1, . . . (11)

ãäå ∆uk+1(p) � êîððåêòèðóþùàÿ ïîïðàâêà ê óïðàâëåíèþ, yd(p)�æåëàåìàÿ òðàåêòîðèÿ.
Bâåäåì â ðàññìîòðåíèå ïåðåìåííûå

ξk+1(p+ 1) = xk+1(p) − xk(p), ηk+1(p+ 1) = yk+1(p) − yk(p). (12)

Äèíàìèêà ñèñòåìû â òåðìèíàõ ïðèðàùåíèÿ ñîñòîÿíèÿ è îøèáêè îáó÷åíèÿ îïèøåòñÿ
óðàâíåíèÿìè

ξk+1(p+ 1) = Aξk+1(p) + B∆uk+1(p− 1), p = 0, 1, . . . ,N− 1,

ek+1(p) = −CAξk+1(p) + ek(p) − CB∆uk+1(p− 1), k = 0, 1, 2, . . . (13)
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Ìîäåëü â âèäå ïîâòîðÿþùåãîñÿ ïðîöåññà

Çàäàäèì êîððåêòèðóþùóþ ïîïðàâêó â âèäå

∆uk+1(p) = K1ηk+1(p+ 1) + K2ek(p+ 1). (14)

Ïðè ýòîì àëãîðèòì óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì ïðèìåò âèä

uk+1(p) = uk(p) + K1(yk+1(p) − yk(p)) + K2ek(p+ 1). (15)

Ñèñòåìà (13) îòíîñèòñÿ ê êëàññó 2D-ìîäåëåé, èçâåñòíûõ ïîä íàçâàíèåì ïîâòîðÿþùèåñÿ
ïðîöåññû. Ïîäñòàâëÿÿ (14) â (13) ïîëó÷èì 2D-ìîäåëü ñèñòåìû ñ ÓÈÎ â ôîðìå
ïîâòîðÿþùåãîñÿ ïðîöåññà

ξk+1(p+ 1) = (A+ BK1C)ξk+1(p) + BK2ek(p),

ek+1(p) = −C(A+ BK1C)ξk+1(p) + (I− CBK2)ek(p). (16)
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Cóùåñòâóåò ëè ýêâèâàëåíòíîå óïðàâëåíèå ñ îáðàòíîé
ñâÿçüþ?

Goldsmith P.B. On the equivalence of causal LTI iterative learning control and feedback control // Automatica. �
2002. � Vol. 38, No. 4. � pp. 703�708.

Owens D.H., Rogers E. Comments on �On the equivalence of causal LTI iterative learning control and feedback

control� // Automatica. � 2004. � Vol. 40, No. 5. � pp. 895�898.

Goldsmith P.B. Author's reply to �Comments on �On the equivalence of causal LTI iterative learning control and

feedback control� // Automatica. � 2004. � Vol. 40, No. 5. � pp. 899�900.

uk+1(p) = uk(p) + γek(p + 1), (17)

uk+1(p) = uk(p) + γek(p), (18)

Îïðåäåëåíèå 2

Aëãîðèòì óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì íàçûâàåòñÿ ïðè÷èííûì, åñëè uk+1(p) çàâèñèò òîëüêî îò

uk(h) è ek(h) ïðè h ≤ p. Ýòîò àëãîðèòì íàçûâàåòñÿ íåïðè÷èííûì, åñëè uk+1(p) ÿâëÿåòñÿ òàêæå

ôóíêöèåé uk(h) èëè ek(h) äëÿ íåêîòîðîãî h > p.

Ï.Â. Ïàêøèí Óïðàâëåíèå ñ èòåðàòèâíûì îáó÷åíèåì 18 èþíÿ 2024 ã. 20 / 57



Ýêâèâàëåíòíîå óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ

Â ñëó÷àÿõ, êîãäà ýêâèâàëåíòíûé ðåãóëÿòîð âîçìîæåí, îí èìååò î÷åíü âûñîêèé
êîýôôèöèåíò óñèëåíèÿ. Áîëåå òîãî, ýòîò ýêâèâàëåíòíûé ðåãóëÿòîð ìîæåò äàæå
îêàçàòüñÿ íåóñòîé÷èâûì

Ïîýòîìó ýêâèâàëåíòíûå ðåãóëÿòîðû ñ îáðàòíîé ñâÿçüþ íå âñåãäà ìîãóò çàìåíèòü
ïðè÷èííûå àëãîðèòìû ÓÈÎ

Çà èñêëþ÷åíèåì îñîáûõ ñëó÷àåâ,íå ñóùåñòâóåò ýêâèâàëåíòíîãî ðåãóëÿòîðà ñ
îáðàòíîé ñâÿçüþ, êîòîðûé ìîæåò îáåñïå÷èòü òàêîå æå êà÷åñòâî óïðàâëåíèÿ, êàê è
íåïðè÷èííîå ÓÈÎ, ïîñêîëüêó óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ ðåàãèðóåò òîëüêî íà
òåêóùèå îøèáêè è íå îáëàäàåò ñâîéñòâîì óïðåæäåíèÿ
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Îáîçíà÷åíèÿ è îïðåäåëåíèÿ

ξ̄ = [ξT eT ]T , K = [K1 K2], Ā =

[
A 0

−CA I

]
, B̄ =

[
B

−CB

]
, C̄ =

[
C 0

0 I

]
. (19)

Îïðåäåëåíèå 3

Ïîâòîðÿþùèéñÿ ïðîöåññ (16) íàçûâàåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâûì, åñëè ñóùåñòâóþò ÷èñëà κ > 0 è

0 < ρ < 1, òàêèå ÷òî

|ξk(p)|
2 + |ek(p)|

2 ≤ κρk+p, (20)

ãäå κ è ρ íå çàâèñÿò îò N.

Äëÿ ýêñïîíåíöèàëüíî óñòîé÷èâîãî ïðîöåññà (16) áóäóò âûïîëíåíû óñëîâèÿ ñõîäèìîñòè îøèáêè îáó÷åíèÿ
è îãðàíè÷åííîñòè óïðàâëåíèÿ

|ek(p)| ≤ κρk, κ > 0, 0 < ρ < 1, (21)

lim
k→∞ |uk(p)| = |u∞(p)| <∞. (22)

(Â ðÿäå ïóáëèêàöèé u∞(p) íàçûâàåòñÿ îáó÷åííûì óïðàâëåíèåì.)
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Äèâåðãåíòíàÿ âåðñèÿ ìåòîäà ôóíêöèé Ëÿïóíîâà

Óíèâåðñàëüíûì ìåòîäîì àíàëèçà óñòîé÷èâîñòè ñèñòåì ÿâëÿåòñÿ âòîðîé ìåòîä Ëÿïóíîâà.
Îäíàêî óðàâíåíèÿ (16) íå ðàçðåøåíû îòíîñèòåëüíî ïîëíûõ ïðèðàùåíèé ïåðåìåííûõ
ñîñòîÿíèÿ è ïðèìåíèòü ýòîò ìåòîä íåïîñðåäñòâåííî íåâîçìîæíî. Äëÿ ïðåîäîëåíèÿ ýòîé
òðóäíîñòè àâòîðàìè ðàçðàáîòàí òàê íàçûâàåìûé äèâåðãåíòíûé ìåòîä âåêòîðíûõ ôóíêöèé
Ëÿïóíîâà, â êîòîðîì, â îòëè÷èå îò êëàññè÷åñêîé âåðñèè, óñòîé÷èâîñòü óñòàíàâëèâàåòñÿ
íà îñíîâå ñâîéñòâ äèâåðãåíöèè (äèñêðåòíîãî àíàëîãà äèâåðãåíöèè) óêàçàííûõ âåêòîðíûõ
ôóíêöèé. Â ðàññìàòðèâàåìîì ñëó÷àå ââåäåì âåêòîðíóþ ôóíêöèþ Ëÿïóíîâà (ÂÔË)
ñëåäóþùèì îáðàçîì

V(ξk+1(p), ek(p)) =

[
V1(ξk+1(p))
V2(ek(p))

]
, (23)

ãäå V1(ξk+1(p)) > 0, ξk+1(p) ̸= 0, V2(ek(p)) > 0, yk(p) ̸= 0, V1(0) = 0, V2(0) = 0.
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Óñëîâèÿ óñòîé÷èâîñòè â òåðìèíàõ ÂÔË

Àíàëîã äèâåðãåíöèè âåêòîðíîé ôóíêöèè (23) îïðåäåëèì êàê

DV(ξk+1(p), ek(p)) = ∆tV1(ξk+1(p)) + ∆kV2(ek()), (24)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 4

Ïîâòîðÿþùèéñÿ ïðîöåññ (16) ÿâëÿåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâûì, åñëè ñóùåñòâóåò

ôóíêöèÿ (23) è ïîëîæèòåëüíûå ñêàëÿðû c1, c2 and c3, òàêèå ÷òî

c1|ξk+1(p)|
2 ≤ V1(ξk+1(p)) ≤ c2|ξk+1(p)|

2,

c1|ek(p)|
2 ≤ V2(ek(p)) ≤ c2|ek(p)|2,

DV(ξk+1(p), ek(p)) ≤ −c3(|ξk+1(p)|
2 + |ek(p)|

2).

Ïðè ýòîì âûïîëíÿþòñÿ óñëîâèÿ ñõîäìîñòè îøèáêè îáó÷åíèÿ (21) è îãðàíè÷åííîñòè óïðàâëåíèÿ

(22).
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Óñëîâèÿ óñòîé÷èâîñòè â òåðìèíàõ ìàòðè÷íûõ íåðàâåíñòâ

Âûáåðåì
V1(ξk+1(p)) = ξk+1(p)

TP1ξk+1(p), V2(ek(p)) = ek(p)
TP2ek(p),

ãäå P1 ≻ 0 è P2 ≻ 0 è ïîòðåáóåì âûïîëíåíèÿ íåðàâåíñòâà

DV(ξk+1(p), ek(p)) ≤ −[ξk+1(p)
TQ1ξk+1(p) + ek(p)

TQ2ek(p)

+ ∆uk+1(p− 1)
TR∆uk+1(p− 1)], (25)

ãäå Q1 ≻ 0, Q2 ≻ 0, R ≻ 0 .

DV(ξk+1(p), ek(p)) = ξ̄
T [(Ā+ B̄KC̄)TP(Ā+ B̄KC̄) − P]ξ̄, (26)

ãäå P = diag[P1 P2]. Òîãäà ñîîòíîøåíèå (25) ìîæíî ïåðåïèñàòü â âèäå

DV(ξk+1(p), ek(p)) = ξ̄
T [(Ā+ B̄KC̄)TP(Ā+ B̄KC̄) − P +Q+ C̄TKTRKC̄]ξ̄ ≤ 0, (27)

Íåðàâåíñòâî (27) ýêâèâàëåíòíî áèëèíåéíîìó ìàòðè÷íîìó íåðàâåíñòâó

P − (Ā+ B̄KC̄)TP(Ā+ B̄KC̄) −Q− C̄TKTRKC̄ ⪰ 0. (28)
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Óñëîâèÿ õîäèìîñòè â òåðìèíàõ ëèíåéíûõ ìàòðè÷íûõ
íåðàâåíñòâ

Ïðèìåíÿÿ ëåììó Øóðà ïîëó÷èì, ÷òî áèëèíåéíîå ìàòðè÷íîå íåðàâåíñòâî (28) áóäåò
âûïîëíåíî, åñëè ñèñòåìà ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ è óðàâíåíèé

X = diag[X1 X2] ≻ 0,


X (ĀX+ B̄YC̄)T X (YC̄)T

ĀX+ B̄YC̄ X 0 0

X 0 Q−1 0

YC 0 0 R−1

 ⪰ 0, (29)

C̄X = ZC̄

ðàçðåøèìà îòíîñèòåëüíî ïåðåìåííûõ X, Y, Z. Ïðè ýòîì K = YZ−1. Ìàòðèöû Q è R èãðàþò
çäåñü òó æå ñàìóþ ðîëü, ÷òî è âåñîâûå ìàòðèöû â çàäà÷å î ëèíåéíî-êâàäðàòè÷íîì
ðåãóëÿòîðå. Çà ñ÷åò èõ âûáîðà ìîæíî èçìåíÿòü ñêîðîñòü ñõîäèìîñòè îøèáêè îáó÷åíèÿ.
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Ïðèìåð. Ïîðòàëüíûé ðîáîò

Ðèñ. 1: Ïîðòàëüíûé ðîáîò.
Ðèñ. 2: Æåëàåìàÿ ïðîñòðàíñòâåííàÿ
òðàåêòîðèÿ äâèæåíèÿ.
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Ïîðòàëüíûé ðîáîò. Óïðàâëåíèå ïî áîêîâîé îñè.

Ýêñïåðèìåíòàëüíî ïîëó÷åííàÿ ïåðåäàòî÷íàÿ ôóíêöèÿ îò óïðàâëåíèÿ ê ïåðåìåùåíèþ èìååò âèä

Gy(s) =
Y(s)

U(s)
=

23, 7356(s+ 661, 2)

s(s2 + 426, 7s+ 1, 744 · 105)
. (30)

Ïî íåé ïîñòðîåíà ýêâèâàëåíòíàÿ äèñêðåòíàÿ ìîäåëü ñ ïåðèîäîì äèñêðåòíîñòè Ts = 0, 01 c. ñ
ïîìîùüþ ñòàíäàðòíûõ ôóíêöèé ss è c2d ïàêåòà MATLAB. Â êà÷åñòâå ìåðû òî÷íîñòè
âîñïðîèçâåäåíèÿ æåëàåìîé òðàåêòîðèè ðàññìàòðèâàëàñü ñðåäíåêâàäðàòè÷åñêàÿ îøèáêà îáó÷åíèÿ

E(k) =

√√√√ 1

N

N∑
p=0

|ek(p)|
2. (31)

Âûáèðàÿ Q = diag[1 1 1 50] è R = 10−3 ïîëó÷èì K = [−962, 2 185, 27]. Ïðè ýòîì îøèáêà îáó÷åíèÿ
óìåíüøàåòñÿ â 10 ðàç ìåíåå ÷åì çà 10 ïîâòîðåíèé. Àëãîðèòì óïðàâëåíèÿ èìååò âèä

uk(p) = uk−1(p) + K1(yk(p) − yk−1(p)) + K2(yref(p+ 1) − yk−1(p+ 1)). (32)
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Ïîðòàëüíûé ðîáîò. Ðåçóëüòàòû ìîäåëèðîâàíèÿ.

Ðèñ. 3: Æåëàåìàÿ òðàåêòîðèÿ â ïëîñêîñòè
ZOY.

Ðèñ. 4: Äèíàìèêà ñðåäíåêâàäðàòè÷åñêîé
îøèáêè îáó÷åíèÿ â íàïðàâëåíèè îñè Y.
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Ïîðòàëüíûé ðîáîò. Äèíàìèêà îøèáêè îáó÷åíèÿ.

Ðèñ. 5: Äèíàìèêà îøèáêè îáó÷åíèÿ ïî îñè
Y.

Ðèñ. 6: Äèíàìèêà óïðàâëåíèÿ ïî îñè Y.
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Êðèòè÷åñêèå ïîêàçàòåëè

Òî÷íîñòü (Äîñòèæèìûé óðîâåíü îøèáêè îáó÷åíèÿ).

Ñêîðîñòü ñõîäèìîñòè îøèáêè îáó÷åíèÿ (Ñêîðîñòü äîñòèæåíèÿ
îøèáêîé îáó÷åíèÿ ãðàíèöû äîïóñêà).
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Ñèñòåìû ñ íàñûùåíèåì íà âõîäå.

Pavel Pakshin , Slawomir Mandra , Julia Emelianova , Eric Rogers , Krystian Erwi'nski and Krzysztof Galkowski

"Experimentally Validated Vector Lyapunov Function-Based Iterative Learning Control Design Under Input

Saturation."IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, 2024, VOL. 32, NO. 1, 189-201

xk(p+ 1) = Axk(p) + Bψk(p),

ψk(p) = sat(uk(p)),

yk(p) = Cxk(p), 0 ≤ p ≤ N− 1, k ≥ 1,
(33)

ãäå xk(p) ∈ Rn, uk(p) ∈ Rm, yk(p) ∈ Rm � âåêòîðû ñîñòîÿíèÿ, âõîäà è âûõîäà
ñîîòâåòñòâåííî. Êîìïîíåíòû âåêòîðíîé ôóíêöèè íàñûùåíèÿ sat(uk(p)) ∈ Rm èìåþò âèä

ψk(p)i = sat(uk(p))i

=


Ui if uk,i(p) > Ui,
uk,i(p) if −Ui ≤ uk,i(p) ≤ Ui,
−Ui if uk,i(p) < −Ui,

(34)

çäåñü Ui � âåëè÷èíà íàñûùåíèÿ äëÿ âõîäà i.
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Ïîñòàíîâêà çàäà÷è

ψk+1(p) = sat(uk+1(p)) = sat(ψk(p) + δuk+1(p)), (35)

δuk+1(p) = K1ξk+1(p+ 1) + K2ek(p+ r), (36)

||ek(p)|| ≤ κρk + µ, κ > 0, µ ≥ 0, 0 < ρ < 1, (37)

lim
k→∞ ||uk(p)|| = ||u∞(p)||,
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Óñëîâèÿ ñõîäèìîñòè â òåðìèíàõ ÂÔË

Òåîðåìà 5

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà (23) è ïîëîæèòåëüíûå ñêàëÿðû

c1, c2, c3 è γ òàêèå, ÷òî

c1||ξk+1(p)||
2 ≤ V1(ξk+1(p)) ≤ c2||ξk+1(p)||2, (38)

c1||ek(p)||
2 ≤ V2(ek(p)) ≤ c2||ek(p)||2, (39)

DdV(ξk+1(p), ek(p)) ≤ γ− c3(||ξk+1(p)||
2 + ||ek(p)||

2). (40)

Òîãäà âûïîëíÿþòñÿ óñëîâèÿ ñõîäèìîñòè (37).
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Ýêñïåðèìåíòàëüíàÿ óñòàíîâêà

Ðèñ. 7: Ýêñïåðèìåíòàëüíàÿ óñòàíîâêà.
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Áëîê-ñõåìà óñòàíîâêè

Ðèñ. 8: Áëîê-ñõåìà óñòàíîâêè.
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Ìàòåìàòè÷åñêàÿ ìîäåëü óñòàíîâêè

Ýëåêòðè÷åñêàÿ ÷àñòü ïðèâîäà A (ñåðâîóñèëèòåëü A + ñèíõðîííûé ýëåêòðîäâèãàòåëü A)
ìîäåëèðóåòñÿ óðàâíåíèåì

irefA (t) = TcA
diA(t)

dt
+ iA(t), (41)

ãäå TcA � ïîñòîÿííàÿ âðåìåíè ýëåêòðè÷åñêîé öåïè ïðèâîäà A. Ìåõàíè÷åñêàÿ ÷àñòü
ýêñïåðèìåíòàëüíîé óñòàíîâêè ìîäåëèðóåòñÿ óðàâíåíèåìA

Te(t) = iA(t)ktA = J
d2θ(t)

dt2
+ b

dθ(t)

dt
+ Tl(t), (42)

ãäå Te(t) � ýëåêòðîìàãíèòíûé êðóòÿùèé ìîìåíò ïðèâîäà A, ktA � ïîñòîÿííàÿ êðóòÿùåãî
ìîìåíòà ïðèâîäà A, J � ðåçóëüòèðóþùèé ìîìåíò èíåðöèè, b � ðåçóëüòèðóþùèé
êîýôôèöèåíò òðåíèÿ Tl(t) � êðóòÿùèé ìîìåíò íàãðóçêè, ñîçäàâàåìûé ïðèâîäîì B.
×èñëåííûå çíà÷åíèÿ ïàðàìåòðîâ ñëåäóþùèå: TcA = 0.8 · 10−3 s, ktA = 0.93 N·m/A,
J = 9.3 · 10−4 kg·m2, b = 2.4 · 10−3 kg·m2/s.
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Ýêâèâàëåíòíàÿ äèñêðåòíàÿ ìîäåëü

xk(p+ 1) = Axk(p) + Buk(p) + Edk(p)

yk(p) = Cxk(p),
(43)

ãäå ïåðèîä äèñêðåòíîñòè Ts = 2 ms è

A =

1 0.0020 0.0020
0 0.9949 1.9948
0 0 0.0821

 , B =

 0
0

0.9179

 ,
E =

−0.0021−2.1450
0

 , C =
[
1 0 0

]
.

Âåêòîð ñîñòîÿíèÿ xk(p), âåêòîð óïðàâëåíèÿ uk(p) è âåêòîð âîçìóùåíèÿ dk(p) íà ïîâòîðåíèè k
èìåþò âèä

xk(p) =

 θk(p)ωk(p)
iAk(p)]

 uk(p) = i
ref
Ak(p), dk(p) = Tlk(p).
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Æåëàåìàÿ òðàåêòîðèÿ è óïðàâëåíèå

Ðèñ. 9: Æåëàåìîå èçìåíåíèå óãëà
ïîâîðîòà.

Ðèñ. 10: Êðóòÿùèé ìîìåíò
íàãðóçêè.

uk(p) = sat
(
uk−1(p) + K1(xk(p) − xk−1(p)) + K2ek−1(p+ 2)

)
. (44)

K1 = [−36.7873 − 0.6336 − 1.2859], K2 = 17.3509.
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Âëèÿíèå âåëè÷èíû íàñûùåíèÿ

Ðèñ. 11: Èçìåíåíèå ñðåäíåêâàäðàòè÷åñêîé îøèáêè îáó÷åíèÿ ïðè ðàçëè÷íûõ óðîâíÿõ íàñûùåíèÿ.
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Óñêîðåíèå ñõîäèìîñòè

Èñõîäíàÿ ìîäåëü

xk(p+ 1) = Axk(p) + Buk(p),

yk(p) = Cxk(p), 0 ≤ p ≤ N− 1, k = 1, . . . (45)

Ìîäåëü â ïðèðàùåíèÿõ

ηk+1(p+ 1) = Aηk+1(p) + B∆uk+1(p− 1),

ek+1(p) − ek(p) = −CAηk+1(p) − CB∆uk+1(p− 1), (46)

Âíåäðåíèå ãðàäèåíòíîãî ìåòîäà

∆uk+1(p− 1) = α∆uk(p− 1) − β∇
(
1

2
ek+1(p)

2

)
(47)
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Ñòðóêòóðà îáíîâëÿþùåé ïîïðàâêè

Âû÷èñëÿÿ ∇
(
1
2e
2
)
â ñèëó (46) ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì

∆uk+1(p− 1) = k1∆uk(p− 1) − k2CAηk+1(p) + k2ek(p), (48)

ãäå

k1 =
α

1+ β(CB)2
, k2 =

β

1+ β(CB2)
.

Äëÿ ôîðìóëèðîâêè óñëîâèé ñõîäèìîñòè â òåðìèíàõ ËÌÍ ââåäåì

Ā =

 A 0 0

0 0 0

−CA 0 1

 , B̄ =

 B

1

−CB

 , C̄ =

[
0 1 0

−CA 0 1

]
.
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Óñëîâèÿ ñõîäèìîñòè

Òåîðåìà 6

Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîé ìàòðèöû Q ≻ 0 è ñêàëÿðà R > 0 ñèñòåìà ëèíåéíûõ ìàòðè÷íûõ

íåðàâåíñòâ è óðàâíåíèé
X (ĀX + B̄YC̄)T X (YC̄)T

ĀX + B̄YC̄ X 0 0

X 0 Q−1 0

YC̄ 0 0 R−1

 ,⪰ 0, C̄X = ZC̄ (49)

èìååò ðåøåíèå X = diag[X1 X2] ≻ 0, Y, Z. Òîãäà çàêîí óïðàâëåíèÿ ñ èòåðàòèâíûì îáó÷åíèåì

uk+1(p) = uk(p) + ∆uk+1(p),

∆uk+1(p) = k1∆uk(p) − k2CA[xk+1(p) − xk(p)] + k2[yref(p + 1) − Cxk(p + 1)], (50)

ãäå

K =
[
k1 k2

]
= YZ−1,

îáåñïå÷èâàåò óñëîâèÿ ñõîäìîñòè îøèáêè îáó÷åíèÿ (21) è îãðàíè÷åííîñòè óïðàâëåíèÿ (22).
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Ïðèìåíåíèå ê óïðàâëåíèþ ïîðòàëüíûì ðîáîòîì

Ïðèìåíèì ÓÈÎ (50) ê áîêîâîìó êàíàëó ïîðòàëüíîãî ðîáîòà è ñðàâíèì ñ ïðèìåíåíèåì
ðàíåå ðàññìîòðåííîãî

uk(p) = uk−1(p) + K1(yk(p) − yk−1(p)) + K2(yref(p+ 1) − yk−1(p+ 1)).

Âûáèðàÿ Q = I, R = 1 è, ïðèìåíÿÿ ïðåäûäóùóþ òåîðåìó, ïîëó÷èì

k1 = 5.64 · 10−7, k2 = 1196.1.

Ïîñêîëüêó k1 ìàë ïî ñðàâíåíèþ ñ k2 k1 = 0. Ìîäåëèðîâàíèå ïîêàçûâàåò, ÷òî ýòî íå
âëèÿåò íà ðåçóëüòàò. Òîãäà

K1 = −k2CA = [−29.6 − 22.3 − 9166.0], K2 = k2 = 1196.0.

Ñðàâíèâàÿ ñ ðåçóëüòàòàìè ïðèìåíåíèÿ (29) óáåæäàåìñÿ â çíà÷èòåëüíîì óâåëè÷åíèè
ñêîðîñòè ñõîäèìîñòè
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Ðåçóëüòàòû ìîäåëèðîâàíèÿ ãðàäèåíòíîãî ÓÈÎ

Ðèñ. 12: Äèíàìèêà ñðåäíåêâàäðàòè÷åñêîé
îøèáêà ïî îñè Y ïðè Q = I and R = 1,
ãðàäèåíòíûé çàêîí (êðàñíàÿ ëèíèÿ),
àëüòåðíàòèâíûé çàêîí (ñèíÿÿÿ ëèíèÿ)

Ðèñ. 13: Äèíàìèêà óïðàâëåíèÿ ïî îñè Y.
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Ïðåäâàðèòåëüíîå îáüÿñíåíèå

Â ðåçóëüòàòå íåñëîæíûõ ïðåîáðàçîâàíèé îáíîâëÿþùóþ ïîïðàâêó ìîæíî çàïèñàòü â âèäå

∆uk+1(p) = k̄1∆uk(p) − k̄2(yk+1(p+ 1) − yk(p+ 1)) + k̄2ek(p+ 1), (51)

ãäå

k̄1 =
k1

1− k2CB
, k̄2 =

k2
1− k2CB

.

Âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (51) íîñèò óïðåæäàþùèé õàðàêòåð, ýòî óñèëèâàåò
ñòåïåíü íåïðè÷èííîñòè â äîïîëíåíèå ê ïîñëåäíåìó ñëàãàåìîìó. Ïî âñåì ïðèçíàêàì ýòî è
ÿâëÿåòñÿ ïðè÷èíîé óñêîðåíèÿ ñõîäèìîñòè, íî ñòðîãîãî äîêàçàòåëüñòâà ïîêà íå ïîëó÷åíî.
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Äðóãèå íàïðàâëåíèÿ èññëåäîâàíèÿ

Íåëèíåéíûå çàäà÷è (âëèÿíèå ëþôòà è ãèñòåðåçèñà)

Ñòîõàñòè÷åñêèå çàäà÷è (âëèÿíèå ñëó÷àéíûõ âîçìóùåíèé è øóìîâ èçìåðåíèÿ)

Ñåòåâûå çàäà÷è (Èíäóñòðèÿ-4 � ãðóïïû ðîáîòîâ, âûïîëíÿþùèõ îäíó è òó æå
ïîâòîðÿþùóþñÿ îïåðàöèþ (Êîïîñîâ À.Ñ., êàíä. äèññ. ìàé 2024 ã.))

Ó÷åò èçìåíåíèÿ ýòàëîííîé òðàåêòîðèè èíäèâèäóàëüíî èëè â ñåòè (Èíäóñòðèÿ-4 �
èíòåëëåêòóàëüíûå ïðîèçâîäñòâà)

... ... ...
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Ïðèìåíåíèå â çäðàâîîõðàíåíèè

PHOTOGRAPH OF A SYSTEM FOR THE ROBOT-ASSISTED REHABILITATION FOR THE 
IMPROVEMENT OF MOTOR CONTROL OF THE UPPER LIMBS OF STROKE PATIENTS WITH 
THE COMPONENTS: (1) UNWEIGHING DEVICE, (2) SURFACE ELECTRODES ON TRICEPS AND 
ANTERIOR DELTOID, (3) SCREEN CAPTURE OF DESKTOP, (4) REAL-TIME PROCESSOR AND 
INTERFACE MODULE, (5) COMPUTER, (6) MONITOR DISPLAYING TASK, AND (7) OPERATOR 
MONITOR. PHOTOGRAPH COURTESY OF CHRISTOPHER T. FREEMAN WITH MODIFICATIONS 
BY SHANNON MASH.

CHRIS T. FREEMAN, 
ERIC ROGERS, 
ANN-MARIE HUGHES, 
JANE H. BURRIDGE, 
and KATIE L. MEADMORE 

nnually, 15 million people 
worldwide suffer a stroke, 
and 5 million are left per-
manently disabled. A stroke 
is usually caused when a blood 

clot blocks a vessel in the brain and acts like 
a dam, stopping the blood reaching the regions 
downstream. Alternatively, it may be caused by a 
hemorrhage, in which a vessel ruptures and leaks blood 
into surrounding areas. As a result, some of the connecting 
nerve cells die, and the person commonly suffers partial 
paralysis on one side of the body, termed hemiplegia. Cells 
killed in this way cannot regrow, but the brain has some 
spare capacity and, hence, new connections can be made. 
The brain is continually and rapidly changing as new skills 
are learned, new connections are formed, and redundant 
ones disappear. A person who relearns skills after a stroke 
goes through the same process as someone learning to play 

tennis or a baby learning to walk, requiring sensory feed-
back during the repeated practice of a task. Unfortunately, 
the problem is that they can hardly move and, therefore, do 
not receive feedback on their performance. 

Stroke survivors often have a complex pattern of upper-
limb motor impairments, resulting in a loss of functional 
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Ðåàáèëèòàöèîííûé ìåäèöèíñêèé ðîáîò

SAIL system: Simulation Assistance through Iterative Learning

1. Armeo Spring ®, 2. Ñòèìóëèðóþùèå ýëåêòðîäû, 3. Êëèíè÷åñêàÿ ñòèìóëÿöèÿ, 4. Ñèñòåìà dSPACE (DS1103), 5.

ÏÊ, 6. Ìîíèòîð äëÿ ïàöèåíòà, 7. Ìîíèòîð äëÿ ôèçèîòåðàïèè.
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Áëîê-ñõåìà
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Ìîäåëü ìóñêóëîâ, èçìåðåíèÿ è óïðàâëÿþùèå ñèãíàëû
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Æåëàåìûå òðàåêòîðèè äâèæåíèÿ â ïëå÷åâîì è ëîêòåâîì
ñóñòàâàõ
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Ðåçóëüòàòû ïàöèåíòà
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Ñðåäíåêâàäðàòè÷íàÿ îøèáêà îáó÷åíèÿ
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Äðóãèå îáëàñòè ïðèìåíåíèÿ

Âûñîêîòî÷íûå ïîðòàëüíûå ðîáîòû

Óïðàâëåíèå ëîïàñòÿìè âåòðîâîé òóðáèíû

Ñèñòåìû ïàòðóëèðîâàíèÿ íà îñíîâå ÁÏËÀ

Ëàçåðíîå íàïûëåíèå ìåòàëëè÷åñêèõ ïëåíîê

Àääèòèâíûå ïðîèçâîäñòâà

Èìïóëüñíûå ëàçåðíûå óñêîðèòåëè äëÿ ïîâûøåíèÿ ýíåðãèè ñâîáîäíûõ ýëåêòðîíîâ

Óïðàâëåíèå ñèñòåìîé ïîääåðæêè ëåâîãî æåëóäî÷êà ñåðäöà

... ... ...
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Ñïàñèáî çà âíèìàíèå!
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